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We use bosonization, retaining band curvature terms, to analyze the Hall response of interacting bosonic
and fermionic two-leg ladders threaded by a flux. We derive an explicit expression of the Hall imbalance in
a perturbative expansion in the band curvature, retaining fully the interactions. We show that the flux
dependence of the Hall imbalance allows to distinguish the two phases (Meissner and vortex) that are
present for a bosonic ladder. For small magnetic field we relate the Hall resistance, both for bosonic and
fermionic ladders, to the density dependence of the charge stiffness of the system in absence of flux. Our
expression unveils a universal interaction-independent behavior in the Galilean invariant case.
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Since its discovery in 1879 [1] theHall effect has become a
remarkable tool for studying solid-state systems. For a single
band, the sign of the Hall coefficient RH, defined as the ratio
of the induced electric field to the product of the current
density and the appliedmagnetic field, permits the extraction
of the effective charge q and carrier density n, as RH ∼
−1=nq in conventional conductors, indicating whether the
carriers are electrons or holes [2]. The Hall effect and its
quantum version have thus naturally found applications in
metrology for sensitivemeasurements ofmagnetic fields and
for resistance standards [3]. In noninteracting systems, the
Hall effect is interpreted as a manifestation of the topological
properties of quantum states, such as the Berry curvature in
the anomalousHall systems [4], and topological invariants in
the integer quantumHall effect [5]. Studies of the dynamical
version of the Hall response have also become relevant in
fields addressing topological quantum transport [6] and
synthetic dimensions [7].
However, the understanding of Hall effect in presence of

interactions still remains a fundamental theoretical chal-
lenge. With strong magnetic field, the fractional quantum
hall effect [8] has revealed excitations with fractional
charge and anyonic statistics [9]. In the opposite limit of
small magnetic field, a complete interpretation of the Hall
effect is still missing and few studies are present [10–12].
Recently a numerical study of the Hall coefficient in a
quasi-one dimensional system, has predicted a universal
behavior for the Hall coefficient above an interaction
threshold [13]. In the case of N-leg ladder systems with
SUðNÞ symmetry, the Hall imbalance, i.e., the difference of

particle number between upper and lower legs, was shown
to take the classical value RH ¼ 1=n [13], a prediction
confirmed in a quantum simulation with strongly interact-
ing ultracold fermions [14]. The possibility to reliably
measure the Hall effect in strongly correlated ladders thus
prompts for an analytical calculation of the Hall polariza-
tion and voltage that can shed light on the many-body effect
controlling such quantities in a correlated system. Such
endeavor has proven, however, elusive for the moment
since the most common approximations done to deal with
interacting one-dimensional systems lead to an artificial
particle-hole symmetry and thus to zero Hall effect.
In this Letter we focus, for a two-leg ladder of bosons or

fermions threadedby amagnetic flux, on the study of theHall
effect. We use a bosonization approach [15], but properly
taking into account band curvature [10,16]. We obtain
analytically both the Hall imbalance and Hall voltage and
show that the latter is given by the derivative with respect to
density of the logarithm of the charge stiffness of the system
without flux. For a Galilean invariant case, this relation leads
back to the standard formula [2] related to the carrier density,
while in the more general case this remarkable connection
between two important transport coefficients encodes the
many-body effects triggered by interactions in the Hall
response. Beyond the clear potential of our formula to
measure Hall voltages and clarify the exotic Hall response
of strongly correlated solid-state conductors, our Letter paves
the way to the investigation of the topological transport
properties of strongly correlated systems of matter.
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We study the ladder shown in Fig. 1 and populated by
bosons or fermions. Such a system can be realized in
platforms ranging from cold atoms, both with synthetic
dimensions [17] or on a lattice [18–20] to condensed matter
such as graphene nanoribbons [21,22] or Josephson junction
arrays [23–27].
Let us first examine bosonic systems. Without magnetic

field, the generic ladder model has the Hamiltonian:

H ¼ H1 þH2 − t⊥
Z

dx½b†1ðxÞb2ðxÞ þ H:c:�: ð1Þ

With a lattice along the chains, the integral along x in (1)
becomes a discrete sum over the sites j. H1;2 describe
interacting bosons along the chains, while t⊥ is the tunneling
along the rung. Typical realizations of such systems for cold
atoms involve contact interactions and are the Lieb-Liniger
[28] model for continuous chains [29–31] or the Bose-
Hubbard model [32] for chains with a lattice [33–35]. When
the ladder is realized using synthetic dimensions [7,36], in
addition to the interactions along the chains an interaction
across the rung also exists.
Not to be tied to a particular microscopic model, we use

the fact that they all have the low energy physics of a
Tomonaga-Luttinger liquid (TLL) [15,37–41]. Analyzing
the TLL model for the bosonic version of Fig. 1 thus
describes all the microscopic models in a unified way. The
single chain Hamitonian is (p ¼ 1, 2 and we set ℏ ¼ 1):

Hp ¼
Z

dx
2π

�
uKðπΠpÞ2 þ

u
K
ð∂xϕpÞ2

�

þ
Z

dx½αð∂xϕpÞ3 þ γðπΠpÞ2∂xϕp�: ð2Þ

The fields ∂xθp ¼ πΠp and ϕp represent, respectively, the
collective long wavelength excitations in the pth chain
associated to the gradient of the superfluid phase θp and
to the deviations of the density ρpðxÞ of the bosons ρpðxÞ −
ρ0 ≃ −ð1=πÞ∂xϕpðxÞ from the average density ρ0. They
obey the commutation relation ½ϕpðxÞ; πΠp0 ðx0Þ� ¼
iπδpp0δðx − x0Þ. In the first line, the sound velocity u and
the dimensionless TLLparameterK can be computed for any
given microscopic Hamiltonian [15,41–46]. The parameter
K controls the algebraic decay of the correlation functions
[15]. The second line corresponds to irrelevant operators that
must be retained for the Hall problem. They represent the
terms generated by band curvature [47–49] and break
particle-hole symmetry. This last point is crucial for a proper
description of the Hall effect since particle-hole symmetry
immediately implies a zero Hall voltage. The parameters α, γ
are given by [50–53]

α ¼ −
∂

∂ρ0

�
u

6π2K

�
; γ ¼ −

∂

∂ρ0

�
uK
2π2

�
: ð3Þ

In a Galilean invariant system [37], (3) simplifies to
γ ¼ −1=ð2πmÞ, with m the particle mass. Furthermore, in
the case of hardcore bosons or spinless fermions with a
quadratic dispersion, α ¼ −1=ð6πmÞ [47,48]. The generali-
zation to the case with interchain interactions is discussed in
the Supplemental Material [54,55].
In addition to the Hamiltonians of the two independent

chains (2) the boson tunneling [56,57] between the chains
gives

Htunn ¼ −
t⊥
πa0

Z
dx cos½θ1ðxÞ − θ2ðxÞ�: ð4Þ

With a magnetic field and in the Landau gauge, the vector
potential along chain p is Ap ¼ ð−1Þp−1ðBa=2Þ, with a the
interchain distance. The vector potential is zero along the
rung. As shown in the Supplemental Material [54] this leads
to the replacement ∂xθp → ∂xθp − eAp in (2). The longi-
tudinal current in chain p is obtained from the gauge field
dependence of the Hamiltonian jxpðxÞ ¼ −ðδHp=δApðxÞÞ.
We define the Hall polarization [13]:

PH ¼ N1 − N2 ¼
Z

dx½ρ1ðxÞ − ρ2ðxÞ�; ð5Þ

which is easily detected [19,58,59]. We introduce the
symmetric and antisymmetric basis [56,57] ϕρ;σ ¼
½ðϕ1 � ϕ2Þ=

ffiffiffi
2

p �; Πρ;σ ¼ ½ðΠ1 � Π2Þ=
ffiffiffi
2

p � and the

FIG. 1. Two-leg ladder (in real or synthetic dimensions), with
an applied magnetic field perpendicular to the plane and current
along the x direction. Because of the Hall effect the current is
deflected and a Hall voltage can be measured along the rungs. ϕ
is the flux of the magnetic field in the plaquette. Although the
figure shows also a lattice along the chain direction, the chains
can also be uniform. The linear ramp scheme for the measure of
the Hall voltage is also shown. The inset shows the qualitative
trend of the Hall polarization as a function of the applied flux.
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corresponding vector potentials Aρ;σ ¼ ð1= ffiffiffi
2

p ÞðA1 � A2Þ,
yielding the full Hamiltonian H ¼ P

ν¼ρ;σ Hν þHhop þ
Hcurv with

Hν ¼
Z

dx
2π

�
uνKνðπΠν − eAνÞ2 þ

uν
Kν

ð∂xϕνÞ2
�
; ð6Þ

with the tunneling termHhop ¼ −
R
dxð2t⊥=a0Þ cosð

ffiffiffi
2

p
θσÞ

and the band curvature term

Hcurv ¼
Z

dxffiffiffi
2

p ½γ∂xϕρðπΠρ − eAρÞ2 þ αð∂xϕρÞ3�

þ f∂xϕρ½γðπΠσ − eAσÞ2 þ 3αð∂xϕσÞ2�
þ 2γðπΠσ − eAσÞðπΠρ − eAρÞ∂xϕσg; ð7Þ

The parameters are Aρ ¼ 0, Aσ ¼ ðBa= ffiffiffi
2

p Þ, uν ¼ u,
Kν ¼ K. The currents and the Hall polarization become

jxρ;σðxÞ ¼ ðjx1 � jx2ÞðxÞ ¼ −
ffiffiffi
2

p δH
δAρ;σðxÞ

;

PH ¼ −
ffiffiffi
2

p

π

Z þ∞

−∞
∂xϕσ: ð8Þ

Since theHall effect vanisheswith particle-hole symmetry,
it is perturbative in the band curvature [10,60], in agreement
with free fermions calculations. We use this property to build
a perturbative approach of the Hall imbalance and voltage in
the band curvature while retaining the full nonperturbative
description in the interactions. This allows for the first time
for an interacting system to explicitly compute the Hall effect
in a regime of weak interchain tunneling. In this framework
the equilbrium imbalance is [61]

hPHi
L

¼−

ffiffiffi
2

p hTτ∂xϕσðx;0Þe−
R þ∞
0

dτHcurvðτÞiHρþHσþHhop

πhTτe
−
R þ∞
0

dτHcurvðτÞiHρþHσþHhop

: ð9Þ

Weexpand the exponentials in (9) to first order inα, γ, leading
naturally to an expression of hPHi at first order in the band
curvature terms γ, α since the zero order term is canceled by
particle-hole symmetry.
Only the last line of (7) contributes. It couples the local

density imbalance between the chains ∝ ∂xϕσ to the
difference of current between the chains ∝ ðπΠσ − eAσÞ
and to the total longitudinal current ∝ ðπΠρ − eAρÞ. Quite
remarkably, although the longitudinal total current passing
through the system can be a complicated quantity as a
function of the gauge potential (flux), the expectation value
of the current simply factorizes. Since we ultimately divide
by it, it is not necessary to explicitly compute it, leading to
further simplifications in our formula since only the
antisymmetric correlator is needed. The Hall polarization
reads

hPHi ≃
ffiffiffi
2

p
γhjρiL

euρKρ

Z
L

0

dy
Z þ∞

0

dτ

× hTτ½ðπΠσ − eAσÞ∂xϕσ�ðy;τÞ∂xϕσð0; 0ÞiHσþHhop
:

ð10Þ

Equation (10) is one of the central results of the Letter: It
provides an explicit formula for an analytical or numerical
calculation of the Hall imbalance once normalized with the
longitudinal current. To finish the calculationwe separate the
two possible regimes of such a two-leg ladder [57,62–65]: a
Meissner phase at low magnetic field in which currents
circulate only along the legs (hΠσi ¼ 0) and, at higher fields,
a vortex phase [57], where currents also circulate along the
rungs (hΠσi ≠ 0). The two phases are separated by a
commensurate-incommensurate transition [66–70].
We first analyze the Meissner regime, for which we can

take the limit B → 0. In such phase, the symmetry ϕσ →
−ϕσ and Πσ → −Πσ , implies hΠσ∂xϕσ∂xϕρi ¼ 0, and the
imbalance reduces to (see Supplemental Material [54])

hPHi ≃
π2Baγhjρi
2uρKρ

χσσðq ¼ 0;ωn ¼ 0Þ: ð11Þ

Thanks to (7), the first order perturbation in the curvature
gives back the expected proportionality both in the total
current and in the applied flux. The susceptibility χσσ
measures the charge imbalance in response to a chemical
potential difference between the two chains. Within linear
response theory [54], χσσ ¼ ð2Kσ=πuσÞ, leading to

hPHi
BLhjρi

≃
aπγKσ

uρKρuσ
: ð12Þ

giving explicitly the Hall imbalance, normalized with the
longitudinal current and field, in term of the TLL param-
eters of the system.
Beyond a certain magnetic field, in the vortex phase, the

symmetry becomes ϕσ → −ϕσ and Πσ → 2hΠσi − Πσ,
resulting in hðΠσ − hΠσiÞ∂xϕσ∂xϕρi ¼ 0. As a result

hPHi
L

≃
ffiffiffi
2

p
γhjρiKσ

euρuσKρ
ðπhΠσi − eAσÞ: ð13Þ

The contribution of hΠσi ≠ 0 lowers the Hall imbalance
compared with the Meissner phase. As B increases, the
expectation value ðπhΠσi − eAσÞ → 0 [57], so the Hall
polarization tends to zero a signature of the decoupling of
the chains at high magnetic field.
We now turn to the calculation of the Hall voltage,

obtained by adding a potential difference VH between the
two chains [71,72], −ðeVH=π

ffiffiffi
2

p Þ R dx∂xϕσ, such that
hPHi ¼ 0. In the Meissner phase, the Hall voltage is
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VH ¼ −
π2γhjρi
euρKρ

Ba ¼ −hjρi
Ba
2e

1

uρKρ

∂

∂ρ0
ðuρKρÞ; ð14Þ

where we have used the relation (3). Since the longitudinal
current density Ix ¼ hjρi=2 this reduces to

RH ¼ a
e

∂

∂ρ0
½lnðuρKρÞ�: ð15Þ

This formula, which is the second central result of the
paper, quite remarkably relates the Hall voltage to the
charge stiffness D [73] (weight of the Drude peak in
conductivity, or response of the ground state energy of the
systems to a twist in boundary conditions) in the absence of
flux. Indeed the charge stiffness is given for a TLL by uρKρ

[15]. Although we have derived (15) in the absence of
interchain interactions we show in the Supplemental
Material [54] that this formula remains valid even in their
presence.
Several immediate consequences can be extracted from

(15). In a Galilean invariant model [37], uK ¼ ðπρ0=mÞ,
and the Hall resistance reduces to

RH ¼ aB
eρ0

: ð16Þ

One thus recovers the “naive” expression of the non-
interacting Hall effect (for fermionic particles) for which
the Hall effect simply measures the inverse carrier density
[2]. This shows analytically for the first time that these
results extend to interacting particles and bosonic statistics,
provided Galilean invariance holds. Although a general
argument leading to (16) in two dimensions was known, it
required both Lorentz invariance and translational invari-
ance [74]. In the case of an artificial gauge field, the first
condition may not be satisfied. More importantly, transla-
tional invariance is only satisfied along the chains, pre-
venting the conservation of transverse momentum. In the
Supplemental Material [54], we give a simple argument
applicable for an artificial gauge fields and hopping in the
transverse direction to show that in the Galilean invariant
case, RH ∼ 1=ρ0 holds beyond perturbation theory.
Formula (15) thus paves the way to efficiently use the

Hall voltage to identify the phase transitions occuring in an
interacting system. For example, it allows to distinguish the
Meissner phase, where the Hall resistance remains constant
and related to the inverse density, and the vortex phase,
where the Hall resistance decreases as a function of
the magnetic field. Equation (15) also allows to compute,
in the absence of Galilean invariance, the impact of
the interactions on the Hall voltage. As we show in the
Supplemental Material [54] this formula is compatible with
numerical calculations of the Hall imbalance in the
Meissner phase [72] for the Bose-Hubbard ladder.

In particular (15) shows that the Hall voltage will signal
phases in which D is anomalous such as, e.g., Mott
insulating phases. Close a commensurate filling, umklapp
operators [15,75] lead to a renormalization of uρKρ. If the
umklapp is irrelevant or away from commensurability we
can simply use in (15) the fixed point value u�ρK�

ρ. When the
umklapp is relevant, the ladder becomes insulating,
hjρi ¼ 0, and, obviously, hPHi ¼ 0. Moving away from
commensurability restores the TLL [75,76] via a commen-
surate-incommensurate transition [66–68,77]. In the vicin-
ity of the transition [68], the renormalized TLL exponent
goes to a constant K�

ρ ¼ 1=2, while the velocity vanishes as
uρ ∼ jρ0 − ρ0;cj. As a result, (15) predicts a divergent Hall
resistance

RH ∼
a
e
signðρ0 − ρ0;cÞ
jρ0 − ρ0;cj

; ð17Þ

with a sign reflecting the nature of the effective carriers. A
similar divergence of the Hall resistivity is also obtained in
the case of a nearly emptyband [78],whereKρ → 1while the
velocityuρ ∼ ρ0 and in the case of a nearly filled band of hard
core bosons, where uρ → 1 − ρ0. These predictions can be
directly tested either in numerical studies or potentially
quantum simulations [45]. More properties of the Hall
voltage are discussed in the Supplemental Material [54].
Let us finally obtain similar results for the fermionic

case, also be realizable in cold atoms [14,79–82] or
condensed matter [21,22] experiments. Without interchain
hopping, a spin-1=2 fermions chain with repulsive contact
interaction is described in the continuum by the Gaudin-
Yang model [83,84] and on a lattice by the Hubbard model
[85]. Because of the SU(2) symmetric interactions, the
Zeeman field leaves the spin modes [86] gapless in contrast
with the generic spinless fermion ladder [87,88]. The
Hamiltonian for fermions with a quadratic dispersion along
the chains reads

H¼
X
p¼1;2

Z
dx

ψ†
pðxÞðℏi∇−eApÞ2ψpðxÞ

2m
−μψ†

pðxÞψpðxÞ

− t⊥
Z

dxðψ†
1ψ2þψ†

2ψ1ÞþU
Z

dxρ1ðxÞρ2ðxÞ

þ1

2

Z
dxVðx−x0Þ½ρ1ðxÞρ1ðx0Þþρ2ðxÞρ2ðx0Þ�; ð18Þ

where ψp annihilates a fermion in the chain p, ρp ¼ ψ†
pψp,

Ap is the vector potential in the Landau gauge along the
chain p, μ the chemical potential,m the mass, e the fermion
charge, VðxÞ the short ranged-intrachain interaction, U the
interchain interaction and t⊥ the interchain hopping.
Linearizing the spectrum around the Fermi points, with
ψpðxÞ ¼ eikFxψRpðxÞ þ e−ikFxψLpðxÞ, with kF ¼ πρ0 the
Fermi wave vector and vF ¼ kF=m the Fermi velocity, we
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bosonize using standard formulas [87,89,90] (see
Supplemental Material [54]) in terms of symmetric
ϕρ; θρ and antisymmetric ϕσ; θσ fields. The Hall polariza-
tion has the bosonized expression

PH ¼ 2

Z
dx
πa0

cos
ffiffiffi
2

p
θσ cos

ffiffiffi
2

p
ϕσ: ð19Þ

Without band curvature and magnetic flux, the ground state
of the model [87,89] is well known. The field θσ is ordered
with an expectation value hθσi ¼ π=

ffiffiffi
8

p
, while the field θρ

remains gapless. The curvature terms yield a contribution to
the Hamiltonian

−
eAσ

πma0

Z
dxð

ffiffiffi
2

p
πΠρ − eAρÞ cos

ffiffiffi
2

p
θσ cos

ffiffiffi
2

p
ϕσ; ð20Þ

which results in an expression of hPHi proportional to
Bhjρiχ⊥, with χ⊥ the in-plane magnetic susceptibility of an
easy axis antiferromagnetic XXZ spin-1=2 chain at wave
vector t⊥=vF. Since the XXZ chain is close to the isotropic
point, for large enough t⊥=vF, the in-plane susceptibility is
the same as in the isotropic chain. Up to logarithmic
corrections [86,91], χ⊥ ∼ 1=vF, and the perturbative behav-
ior of the imbalance in the fermionic ladder is the same as in
the bosonic ladder.
To find the Hall resistance, we follow the same path than

for bosons. In the bonding–antibonding basis, after boso-
nization, the potential difference reads

V⊥ ¼ −
eVH

πa0

Z
dx cos

ffiffiffi
2

p
θσ cos

ffiffiffi
2

p
ϕσ; ð21Þ

and we have to determine VH such that hPHiHþV⊥ ¼ 0. To
lowest order in 1=m, we obtain the same expression for RH
as in the bosonic case, (15). We have explicitly checked in
the Supplemental Material [54] that at low flux, a relation
similar to (15) is valid for a two-leg ladder of noninteracting
fermions.
In conclusion, we have derived an analytic expression for

the Hall imbalance and Hall voltage for a two-leg ladder
threaded by a flux using a bosonization approach retaining
band curvature terms. One of our central results relates the
Hall resistance to the logarithmic derivative of the charge
stiffness with respect to the density. This formula, appli-
cable both for bosons and fermions—as long as there is
only one gapless mode—allows a direct and practical
calculation of the interaction effects on the Hall voltage.
In particular it shows that the Hall resistance diverges close
to a Mott insulating phase, on the other side, in the Galilean
invariant case, it depends only on density as in the non-
interacting case.
The Hall response studied here can be detected in the

controllable quantum simulator of a two-leg ladder with
interacting bosonic [18–20] and fermionic [92,93] atoms.

A first measure of Hall response in a quantum simulator
with strongly interacting ultracold fermions has recently
appeared [14], opening the way towards further experi-
mental study in different regimes of the interaction and
magnetic field. For bosons instead a systematic measure-
ment of the Hall coefficient was shown recently in Ref. [94]
and our Letter is compatible with the experimental plat-
forms of Refs. [14,94,95]. Another experimental platform
could be Josephson junctions networks [23,25–27,96],
where the Hall resistivity could be directly measured. A
last possible platform, transmon qubits [97,98] have
recently been shown to realize the hardcore boson ladder,
and there are recent proposals [99] to realize artificial gauge
fields in a transmon ladder. A theoretical challenge is now
to extend these results to a larger number of legs for the
Hall effect, or so investigate if similar universal relations
would also exist for other transport quantities such as the
thermopower or Nernst effect [100].
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