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Entanglement asymmetry provides a quantitative measure of symmetry breaking in many-body quantum
states. Focusing on inhomogeneous U(1) charges, such as dipole and multipole moments, we show that the
typical asymmetry is bounded by a universal fraction of its maximal value. Multipole charges naturally arise
in systems with Hilbert-space fragmentation, where the dynamics splits into exponentially many disconnected
sectors. Using the commutant algebra formalism, we generalize entanglement asymmetry to account for frag-

mentation. While the asymmetry grows logarithmically for conventional symmetries, it can scale extensively
in fragmented systems and distinguish classical from quantum fragmentation. We derive general upper bounds
for the asymmetry and identify states that saturate them. To study the typical behavior of the asymmetry, we
consider the ensemble of random matrix product states. By identifying the bond dimension with an effective
time parameter, we qualitatively reproduce recent results on asymmetry dynamics in random quantum circuits,
suggesting a universal behavior for the asymmetry of U(1) charges in local ergodic systems.
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I. INTRODUCTION

The presence or absence of symmetries in many-body
quantum systems has a large impact on the physics they
generate. For instance, they can reshape the structure of entan-
glement [1,2], or they can affect the usual ergodic behavior,
which characterizes their late-time dynamics [3—-6]. An ex-
ample is Hilbert space fragmentation [7-10], a phenomenon
in which there exist exponentially many dynamically discon-
nected sectors, the Krylov subspaces, each of which may be
chaotic or nonergodic; see Refs. [11-15] for experimental
observations. Here, Krylov subspaces are usually not sim-
ply distinguished by conventional global symmetries, and the
fragmentation is characterized by exponentially many con-
served quantities [16]. Another interesting example comes
from open quantum systems, where the operator entanglement
of the evolved density matrix can be highly affected by the
presence of Abelian or non-Abelian symmetries [17,18].

Given the relevance of generic symmetries both in and out
of equilibrium, it is meaningful to ask what happens when
these symmetries are broken. A revival in interest in the
topic came from the study of the entanglement asymmetry in
many-body quantum systems [19], showing that counterintu-
itive relaxation phenomena can occur under local symmetry
restoration, such as the Mpemba effect [20-23]. In short,
entanglement asymmetry quantifies how much a state breaks
a given symmetry. Asymmetry was originally introduced as
a quantum resource theory, in which operations that respect
a given symmetry are distinguished from those capable of
generating the resource of interest, i.e., asymmetric states in
this case [24-30]. For finite and compact Lie groups, bounds
on the number of qubits, L, have been derived [26]: for in-
stance, for finite groups the asymmetry is bounded by In |G|,
where |G| is the cardinality of the group, while for compact
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Lie groups the asymmetry is bounded by cIn L, where c is
a coefficient that depends on the group. Reference [31] has
further put some bounds on the amount of asymmetry gen-
erated by local operations acting on product states for U(1)
and SU(2) symmetries generated by spatially homogeneous
charges, finding that their asymmetry can be at most half its
maximum allowed value.

Due to the sparking interest in both quantum informa-
tion and condensed matter regarding symmetry and symmetry
breaking, we study the latter in the unconventional setting
of Hilbert-space fragmentation. For the sake of generality,
we begin our analysis by deriving the typical and maximal
asymmetry of one of the charges responsible for extensive
fragmentation of the Hilbert space, i.e., dipole and multipole
charges. Using the arguments of Ref. [31], we show that,
for these inhomogeneous charges, the asymmetry is typically
at most a specific fraction of its maximum allowed value.
We explicitly verify this result in various settings, includ-
ing superpositions of frozen configurations, random matrix
product states, Haar-random states, and squeezed fermionic
Gaussian states. Random matrix product states (MPS) pro-
vide a particularly convenient framework to explore these
questions analytically [32—44]. Building on previous obser-
vations that increasing the bond dimension of random MPS
plays the same scaling role as increasing time in local chaotic
circuits [38,40,44], we use inhomogeneous random MPS as
an effective description of nonequilibrium dynamics. Within
this identification, we show that the entanglement asymmetry
displays the same qualitative behavior previously reported
for Haar-random brickwork circuits [45] and in Floquet ex-
periments [46]. This agreement suggests that the observed
behavior is universal across local ergodic systems.

In the presence of Hilbert-space fragmentation, the number
of possible sectors of the theory is, however, not exhausted
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by the multipole symmetry, since there is an exponentially
large number of disconnected Krylov sectors [9]. The origin
of these sectors can be traced back to the commutant algebra,
namely the set of operators that commute with every term
of the system’s Hamiltonian or with every jump or Kraus
operator in nonunitary evolutions, resulting in an exponen-
tial number of strongly conserved quantities [16,47-50]. This
formalism has been widely used as a powerful tool to charac-
terize such quantities [17,18,51-53]. Here, we exploit it once
again to introduce a notion of entanglement asymmetry for
these unconventional symmetries that measures the extent to
which a given state breaks them. This asymmetry allows us
to determine the maximal symmetry breaking for fragmented
symmetries and to compare it with that of conventional sym-
metries. We also provide a class of states that saturate these
bounds.

It turns out that there is a correlation between the amount of
asymmetry and the degree of fragmentation. For conventional
symmetries, the number of distinct sectors grows only polyno-
mially with the system size, so the corresponding asymmetry
typically scales logarithmically. In contrast, the asymmetry
associated with the commutant algebra of fragmented systems
can scale extensively with the system size, reflecting the ex-
ponentially large number of dynamically disconnected sectors
that they are endowed with. In this sense, the entanglement
asymmetry can be interpreted as a quantitative probe of the
effective number of distinguishable sectors associated with
fragmentation. Moreover, it can distinguish between classical
and quantum fragmentation.

A genuine question at this point is why it is interesting
to identify symmetries for which the entanglement asym-
metry takes larger values. The key reason is that, for pure
states, the entanglement asymmetry associated with a charge
operator Q provides a lower bound on the variance of that
operator in the state under consideration [31]. A larger
asymmetry therefore implies a larger variance, and hence
a larger quantum Fisher information (QFI), since for pure
states the QFI is directly proportional to the charge vari-
ance [54-56]. In Appendix A, we extend this connection to
mixed states, showing that, more generally, a larger entan-
glement asymmetry can lead to a larger QFI (see also the
recent work [57]). In fact, the QFI has also been recently
used to probe the evolution of broken symmetries following
quantum quenches [58,59], and the emergence of the Mpemba
effect.

The QFI quantifies how sensitively a state changes under a
unitary imprinting generated by Q, and thus sets the ultimate
precision achievable in estimating the associated parameter.
As a consequence, a large entanglement asymmetry identifies
states that are promising resources for quantum sensing. An
intuitive way to understand this link is the following. If a
state lies entirely within a single charge sector, the imprinting
transformation only contributes a global phase. In general,
it is impossible to capture a global phase through standard
observables such as correlators, so the sensitivity of the state
to the parameter to estimate is zero. However, if the state
has support over many charge sectors, different components
acquire different phases during the imprinting process, and
this can nontrivially modify specific observables depending
on the estimation parameter. The broader the distribution over

charge sectors, the larger is the spread of acquired phases, and
the more strongly the state responds to the transformation.
Therefore the entanglement asymmetry quantifies exactly this
kind of spread in charge sectors, and states with large asym-
metry naturally emerge as powerful resources for quantum
sensing. This connection provides a strong motivation to look
for states with a large asymmetry content, both in and out of
equilibrium.

A. Summary of the main results

In this work, we present several results that connect dif-
ferent symmetry structures to the scaling of entanglement
asymmetry. To guide the reader, we briefly outline the logic
of the paper.

We begin by studying the entanglement asymmetry for
inhomogeneous U(1) charges, such as dipole and higher mul-
tipole moments. These symmetries split the Hilbert space into
a much larger number of charge sectors than homogeneous
global symmetries, and therefore provide a natural setting
where asymmetry can grow faster. Within this framework, we
analyze both general bounds and the behavior of typical states.
In particular, within the ensemble of random MPS, we study
the typical scaling of the entanglement asymmetry. By iden-
tifying the bond dimension with an effective time evolution,
we reproduce the qualitative dynamical behavior previously
observed in Haar-random circuits and Floquet systems. This
suggests a universal dynamical structure governing the asym-
metry of U(1) charges in ergodic quantum systems.

The results obtained for multipole symmetries indicate
that the scaling of the entanglement asymmetry is closely
related to the structure of the Hilbert-space decomposition
into symmetry sectors. Motivated by this observation, we
develop a more general framework based on the commutant
of a bond algebra that generates a family of Hamiltonians.
This construction allows us to define a generalized notion
of entanglement asymmetry that applies beyond conventional
symmetry groups.

Finally, we show that this algebraic perspective naturally
captures Hilbert-space fragmentation. In particular, frag-
mented systems can exhibit a much larger number of sectors
than those generated by ordinary symmetries, which allows
the entanglement asymmetry to grow extensively with system
size.

The progression from multipole symmetries to the behav-
ior of typical states explored through random MPS and finally
to the general commutant-algebra framework reveals a hier-
archy of symmetry structures and corresponding asymmetry
scalings, which we explore throughout the remainder of the
paper and summarize in Table I.

More specifically, the paper is organized as follows. In
Sec. II, we review the definition of entanglement asymme-
try for homogeneous U(1) charges. In Sec. III, we extend
the analysis to inhomogeneous charges, such as dipole and
multipole symmetries. This provides the basis for the study
of entanglement asymmetry for more general symmetry struc-
tures presented in Sec. IV, with additional examples discussed
in Sec. V. We conclude in Sec. VI with a summary of our
main findings, while technical details are postponed to the
Appendixes.
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TABLE 1. Symmetry structures studied in this paper and the
corresponding maximal scaling of the entanglement asymmetry for
a system of size L. Here, the asymmetry scaling refers, for all
symmetry structures, to the full-system density matrix, since the
commutant-algebra asymmetry in Eq. (42) is naturally defined with-
out reference to a subsystem due to the possible nonlocality of the
elements of the commutant. See Sec. IV for a detailed discussion
on the definition of the commutant-algebra asymmetry for generic
subsystems.

Symmetry Number of Maximal asymmetry
structure sectors scaling
Homogeneous ~L ~InL

U(1) charge

Multipole ~LPH! ~(p+1)InL
symmetry

(order p)

Commutant ~ect ~L

algebra

II. ENTANGLEMENT ASYMMETRY FOR U(1) GROUPS

In this section, we review the definition of entanglement
asymmetry for global U(1) symmetries. In general, we will
consider a one-dimensional lattice A = {1,...,L} and a bi-
partition of it A = A U B. We assume that the charge Q that
generates the global U(1) symmetry is local in the sense that
it can be decomposed into the contributions of A and B, i.e.,
Q = Q4 + Op. The (von Neumann) entanglement asymmetry
AS, o of a state p over the subsystem A with respect to the

charge Q is defined as [19]

ASy 0 =8(Pa0) = S(Pa), ey

where S(p) = —Tr[p In p] is the von Neumann entanglement
entropy, P4 = Trp[p] is the reduced density matrix in A, and
Pa o its symmetrization. Precisely, p, o = quz flq[)A ﬁq,
flq being the projector onto the eigenspace of the charge
Q4 with eigenvalue ¢. The state Pap 1s symmetric by con-
struction, i.e., [/A)A,Q’ QA] =0, as it is block-diagonal in the
eigenbasis of the U(1) charge 0.

Since the calculation of the von Neumann entropy is often
challenging, it is convenient to define the Rényi-n entangle-
ment asymmetry of a state p with respect to the charge O over
subsystem A through the expression [19]

S, =SBy 0) = 5" (Pa). @

where S (p) = ﬁ In Tr[p"] is the Rényi-n entropy, from
which one can obtain the von Neumann entropy by consid-
ering its analytic continuation as n — 1. Moreover, it is worth
mentioning that both von Neumann and Rényi-n entangle-
ment asymmetries satisfy (i) AS(”)Q > 0 and (ii) AS(") = 0iff

Pa = Dy p- that is, iff the state py is symmetric w1th respect to
Oa.

While evaluating the Rényi-n entanglement asymmetry, it
is often convenient to take advantage of the Fourier represen-

tation of the symmetric density matrix p A0 which reads
da _,, A
A —_ Oan ieOs
N = e , 3
£a.0 /;,T 271 £4 &)
and allows for rewriting the Rényi-n entanglement entropy of

Pa.p in the form
! / day ...day, Z(@. @
n — 0 Zy(«
[-m,m]? (2 )n

o,} and Z, (o) are the charged moments,

Z, (Ol) =Tr |:1_[ ﬁAeia.f,j+1QAAj| , (5)

J=1

Sy 0) =
A0 1—n

where ¢ = {«1, ...,

withorj jp 1 = o —ojpg and o,y = .

The (Rényi) entanglement asymmetry [Eqgs. (1) and (2)]
has been recently studied across a variety of settings. These
settings include ground states of critical theories [60-65],
matrix product states [31,66], and random states [67-70].
Its nonequilibrium behavior has been investigated in closed
and open free and integrable systems [21,71-81], also under
measurements [82], long-range spin chains [83,84], and ran-
dom circuits [45,85-88]. The Rényi version is not only easier
to calculate, but it is also accessible in quantum simulators
via randomized measurements [20,46,89]. Various generaliza-
tions of this quantity have been introduced for noninvertible
and higher-form symmetries [90-92], domain-wall num-
ber [93], chiral anomalies [94], gauge [95], spatial [96-98],
as well as strong symmetries [99].

III. DIPOLE AND MULTIPOLE
ENTANGLEMENT ASYMMETRY

In the works cited above, the study of the entanglement
asymmetry [Egs. (1) and (2)] has been mostly restricted to
U(1) symmetries generated by local, homogeneous (transla-
tionally invariant) charges of the form

Qo= nj, (6)
j

where the same operator 7i; acts at each site j of the lattice. In
this section, we will extend some results from the literature
to the case of dipole and multipole charges, which break
translational invariance. In particular, we introduce the p-pole
symmetry operator in a L-site spin-1/2 chain,

L
0,=Y_ jhj, (7

where 7; = (1 +6Z)/2 is the z-magnetization, or particle
number upon a Jordan -Wigner transformation, at site j. In
the case p = 0, the operator (7) corresponds to the standard
global z-magnetization/particle number, which is the usual
choice when analyzing the asymmetry. For p # 0, we expect
the corresponding asymmetry to exhibit different features,
for example, as a function of the (sub)system size. The in-
tuitive reason behind such expectation is that the number
of sectors resolved according to the p-pole symmetry grows
as »_ I~ LP*! and the extent to which a quantum state
breaks a symmetry depends on its overlap with the different
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charge sectors. Therefore the entanglement asymmetry will
be typically enhanced as p is increased.

As a first example, let us compute the Rényi-n entangle-
ment asymmetry with respect to the dipole charge Oy, p = 1,
for the following product state

L2 (1 465
|1/f>=]_[( £2’>|¢...¢>, @®)

where the system size L has been assumed to be even. Such
a state can be characterized as the uniform superposition of
one-dimensional Krylov subspaces, i.e., the eigenstates, of a
simple dipole-conserving model, defined as

~

-3

(6;6116,126/3 +H.c), )
1

H=1J

~.
Il

which commutes with Q;. The local terms of this Hamilto-
nian generate the dipole-preserving rearrangement |1 | 1) <
[{11]). However, none of the z-basis product-state configu-
rations that appear in the expansion of the state |[¢) contain
either two neighboring spins in the state |1) or two spins in the
state |1) separated by 2 sites. Therefore no local term in the
Hamiltonian (9) can have a nonvanishing action on these con-
figurations, which are consequently frozen one-dimensional
Krylov subspaces (and zero-energy eigenstates) of the Hamil-
tonian.

Proceeding to the evaluation of AS(") for A=

{1,..., L/2}, we notice that the reduced densny matrlx reads
pa = W/A) (Val, where

+
Wa) = (®en, 11),) R <®1€Ay%), (10)

and we divided subsystem A into even- and odd-site sub-
lattices A, = {2,4,...,L/2} and A, ={1,3,...,L/2 — 1},
assuming, without loss of generality, that L/2 is even as well,
i.e., that the number of lattice sites L is a multiple of 4. One
can directly see that S™(p,) = 0, since |) is a product state.
On the other hand, applying Egs. (4) and (5), it is easy to
obtain that

z@ =[] [HCOS( “’”*‘j)}. ()
JEA,
Let us focus on the case n = 2 for simplicity. Inserting

Eq. (11) in the integral (4), we have

T d Jo
—ln/ %eZ/le"COSZ(T), (12)

-7

@ _
AS 0.0, =
We can obtain the large-L behavior of ASQ)

saddle-point evaluation of this integral around the points o =
0, 7. This leads to the final result

by performing a

1
@
SAQI 2n

% Y2 (13)

JEA(‘

Since ZjeAe j*>~ L3> when L — 0o, one obtains that the

Rényi-2 asymmetry of the state in Eq. (8) relative to the dipole

charge behaves as
ASE, ~3InL (14)

in the large L limit. The same scaling is found for all values
of the Rényi index n, including the limit n — 1, while the
dependence on n appears only in the subleading terms. The
reason why the leading term in Eq. (14) does not depend on n
is the saddle point approximation used to compute Tr(py ,).
which factorizes the dependence on the subsystem size £4
and on the Rényi index n into independent contributions; see,
e.g., Ref. [72] for a detailed discussion in the case of the
magnetization.

On the other hand, if we take as charge the usual z magne-
tization, Qo, and repeat the same calculation, then we find that
the corresponding Rényi-n asymmetry behaves for large L as

ASX’) ~ 1L (15)

Observe that, in both cases, the asymmetry grows logarith-
mically with the subsystem size, but with a prefactor that
depends on the exponent p of the charge (7). In what follows,
we will generalize this result to different classes of states for
any integer values of p. But first, let us derive some general
bounds for the entanglement asymmetry relative to the multi-
pole charges Qp.

A. Maximal asymmetry and clustering states

We take a generic state described by the density matrix
0, which can be either pure or mixed, and, for the moment,
a generic charge Q. Since the corresponding symmetrized
density matrix pp commutes with Q then it takes the block
diagonal form

po =EP Pabo., (16)
q

where p, = Tr(flqﬁ) and py , = flqbf{q/pq. We can inter-
pret p, as the probability of finding g as the outcome in a
projective measurement of 0 in state p and p Po.q as the state
after the measurement. Inserting Eq. (16) into definition (1) of
the entanglement asymmetry, we find

ASy = HI{pl+ Y peS(bp,) —S@). (17
q

where H[{p,}] Z Dg In p, is the Shannon entropy of the
probability dlstrlbutlon Pg> also known as number entropy.
We can now apply the fact that, on average, the entanglement
entropy does not grow under projective measurements [100]
and, therefore, q DgS (,?)Q! q) < S(p). This implies that

ASy < H[{pg}l. (18)

This inequality is valid for any charge O [31]. Let us now
explore its implications for the multipole charges (7).

First, the result in Eq. (18) allows us to derive a generic up-
per bound for their entanglement asymmetry. It is well-known
that the Shannon entropy is maximized by the uniform prob-
ability distribution. In our case, this corresponds to the states
for which all the charge sectors in Eq. (16) are equiprobable.
The eigenvalues ¢ of the p-pole charge Q,, are integer numbers
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between 0 < ¢ < @max, Where gmax = Z§=1 JjP. At large sys-
tem sizes L, Gmax ~ LPH! Therefore we can bound Eq. (18)
with the uniform probability distribution p, = 1 JLPH g =
0,1,...,LP"" which leads to
ASp < ASF™ = (p+ DIn(L + 1). (19)
P
In the case p = 0, we recover the bound found in Ref. [26].
We can obtain more refined bounds of the entanglement
asymmetry for different families of states by applying the
following result on the Shannon entropy of discrete random
variables. If p, is a discrete probability distribution with sup-
port X C Z and variance 0 < 02 < 00, as in our case, then
the corresponding Shannon entropy satisfies [101,102]

H[{py}] < lln |:2n (0 + 112):| + % (20)

In particular, combining Eqgs. (18) and (20), we can derive a
specific bound for states that satisfy the cluster property

(0;0;) —(0))(0;) =0, for |j—j|>A, (1)

where O ; is an arbitrary operator acting at the site j, (O i) =
Tr[pO;], and A > 0. This was done in Ref. [31] for p = 0.
Let us here extend it to the multipole charges (7). The variance
of the p-pole charge probability distribution is given by O"Z =
(Qi) - (Q,,)z. As shown in Appendix B, for states with the
above cluster property, their variance is bounded by

4(1+2A) _
< ————LPT 1+ o@). 22
% < Sy (1+0L™") 22)
Inserting this result in Eq. (20), we find that for large L,
2 1
ASGSEr < L (23)
» 2

and, comparing this bound with Eq. (19), we can conclude that

1/2 .
Sc]uster \ p + / ASmax
9 p+1 O

(24)

For p =0, the expression agrees with the bound found in
Ref. [31], ASCI“S‘er <1 /ZASSax Observe that the state we

considered in Eq (8), which satisfies the cluster property (21),
saturates the bound (23) [up to O(L’) terms]. A natural ques-
tion at this point is whether this is a specific feature of the
state (8), or if the bound (23) is typically tight.

B. Typical states

The previous question can be addressed by studying the
entanglement asymmetry in ensembles of random states that
effectively capture different relevant physical properties. By
averaging over all the states in the ensemble, one can filter out
the atypical, state-specific properties from the typical, generic
features. Here, we will investigate the multipole asymmetry
in two ensembles of states: Haar random unitary states and
inhomogeneous Haar random MPS. In the first case, since
we uniformly sample over the full Hilbert space, these states
typically display a volume law entanglement entropy [103].
On the other hand, the correlations in random MPS decay
exponentially with the distance and, consequently, their en-
tanglement entropy satisfies an area law by construction [34].

|0) [0) |0)

d d D d

[

10) pl0) 0) 10)

FIG. 1. Schematic representation of the random states that form
the two classes of ensembles considered in Sec. IIIB to study the
typical multipole entanglement asymmetry: (a) Haar random states;
to a set of L qudits (with local Hilbert space C¢, represented by blue
lines) in the state |0), we apply a dX x d random unitary matrix
drawn from the Haar measure. (b) Inhomogeneous random MPS with
bond dimension D; we consider a set of L qudits in the state |0), and
we sequentially apply an independent dD x dD Haar random unitary
matrix to each of them as shown in the figure. Red lines represent the
bond space CP, which is initialized in the state |0),.

Haar random states. Let us start with the ensemble of Haar
random states. We consider a system of L qudits and choose
the states |a);, witha =0,...,d —land j=1...,L, as the
local basis for each qudit. We take the ensemble of states
{U]0)®L}, where U is a d* x d" unitary matrix drawn from
the Haar random ensemble. A pictorial representation of this
class of states is shown in Fig. 1. The analog of the p-pole
charge (7) in this system is

L d-
Z Z jPla) i (al;. (25)
j=1 a=0

For a generic unitary matrix U, the state U|0)®" has no sym-
r{letries and, in particular, is not an eigenstate of the charge
0.

pThe asymmetry of this ensemble in the case p=0
was studied in Ref. [67] (see also Ref. [68]) and has re-
cently been measured in experimental Haar random states in
Ref. [46]. Without loss of generality, we take as subsystem

(Q)

A=1{1,...,4L,}, with £, < L. We are interested in the aver-
age entanglement asymmetry in A of this ensemble,

1 Tt (o} ,)

(m 71 _ .Op
IE[ASA Q,,] =1 nIE|:ln Tr(,oz) (26)

E|Tr(p4

~ 1 [ r(PA,Qp)] ’ 27

=" [T (o)

where E[e] denotes the average over the ensemble. Notice
that, in the second equality, we have introduced the average
E[e] inside the logarithm. For Haar random states, this is
a good approximation up to exponentially small subleading
corrections in the system size L, as shown in Refs. [67,68] in
the case p = 0, and drastically simplifies the calculations.
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The average E[Tr(pX!Qp )] in Eq. (26) can be obtained from
the average of the charge moments E[Z,(«)] using Eq. (4),
and the latter can be computed employing the folded circuit
picture [104-107], as we detail in Appendix C. For simplicity,
we restrict ourselves to Rényi index n = 2, although, as has
been found in Ref. [67] for the case p = 0, the same qualita-
tive behavior is expected for any positive integer n, including
the limit n — 1. For €4, L — o0, with £, /L finite, we obtain
that

d=*, Ly <LJ2,

" i (28)
A0 Tjen Sty ta > L/2.

E[Z ()] = :

Plugging this result in Egs. (4) and (26), and performing a
saddle-point approximation of the integral in « as in Eq. (14),
we find that

25 In(ea),

slast, ]~ |, > L2

ey < L)2. @)

As in the case p = 0, the entanglement asymmetry of any p-
pole charge presents two very different regimes as a function
of the subsystem size £, in the thermodynamic limit L — oo.
For subsystems £4 < L/2, the asymmetry is zero for any value
of p, indicating that the corresponding reduced density matrix
is symmetric with respect to any of these charges, even if
the full system is in a state that breaks all these symmetries.
At €4 = L/2, the asymmetry shows a jump discontinuity to
a nonzero value for any p and, therefore, the subsystem A
undergoes a sharp transition to a nonsymmetric density ma-
trix. In Ref. [67], the origin of the emergent symmetry when
£y < L/2 was explained in the case p = 0 through the decou-
pling inequality [108]

i

where || o ||; stands for the trace norm. We can apply their
argument for a generic p. According to this inequality, P4 is
on average exponentially close to the identity when £4 < L/2
and L is large. Since the identity commutes with any charge,
the asymmetry of p4 is expected to be close to zero for
any Q,,, as we obtain in Eq. (29). Observe that the identity
is invariant under any unitary transformation. Therefore the
vanishing of the asymmetry is not specific to the multipole
charges considered here, but is instead a direct consequence
of Page typicality. In this sense, the emergent symmetry with
respect to any U(1) charge Q, follows from the generic struc-
ture of reduced density matrices of Haar-random states, rather
than from the particular choice of charge. Indeed, the same
emergent symmetry of the reduced density matrix occurs for
generic Lie groups [68]. On the other hand, when ¢4 > L/2,
the right-hand side of Eq. (30) is exponentially large, and
there is no bound. Notice that the decoupling inequality does
not account for the jump discontinuity of the asymmetry at
¢4 = L/2 and, unfortunately, we lack a satisfactory physical
explanation for it.

Finally, if we compare the result in Eq. (29) with Eq. (19),
we conclude that

==

2
204—L
e 1] <at, (30)

172
P+ { ASEX 1+ O(L). G1)

E[ASo,] =

That is, states uniformly sampled over the full Hilbert space
typically saturate the bound we found in Eq. (24) for cluster-
ing states.

Inhomogeneous random MPS. We move on now to the case
of ensembles of inhomogeneous MPS. We consider a one-
dimensional system of L qudits with local physical dimension
d. An MPS is then any state of the form

d—1
Z (LIAD A R |ay ... .ap) (32)

ai,...,ap=0

V) =

where |a;) € C? are the local basis elements of each qu-

dit, A(a{) are D x D complex matrices, |L), |R) € CP are the
left/right boundary conditions, and D is the bond dimension of
the MPS. This state can be generated by sequentially applying
dD x dD-dimensional unitary matrices Uy, U,, ..., Uy to the
qubits prepared in the product state |0)®" and the bond space
initialized in the state |0), € CP, as we graphically show
in Fig. 1. In our case, to study the typical behavior of the
entanglement asymmetry, we assume that the unitary matrices
U; are dD x dD independent Haar random matrices.

As in the Haar random states, our goal is to calculate the
average entanglement asymmetry over this ensemble of MPS.
Again, we will apply the approximation of Eq. (26) and intro-
duce the average inside the logarithm. Notice that the random
MPS are equivalent to states resulting from a L-depth circuit
with local two-qudit random unitary gates that are sequen-
tially applied to an initial product state, as illustrated in Fig. 1.
Therefore we can follow the same strategy as in the Haar
random states and apply the folded circuit picture to calculate
the average charged moments E[Z,(«)]. We leave the details
of the computation to Appendix D, and we report here the
final result. If we consider periodic boundary conditions, then
it reads

La

E(Zo(e)] =Tr | [ [ T-(@)Ti ™ | (33)
Jj=1
witha; = aj?,
1 dzDz—D
T, = ( <j§2_j,‘>, (34)
0 (dDy*—1
and
2 sin’(ad) sin® (aed)
T (@) = dD” — dsin’(a) dD — Ddsinz(a)

d2D? — 1 p2sinted) _

sin? ()

Dsinz(ad) _D

sin® (o)

(35)

Taking the Fourier transform of the charged moments (33),
we can obtain the average entanglement asymmetry in the
random MPS. In Fig. 2, we show the results as a func-
tion of the bond dimension D and subsystem size for p =
0 (left panels) and p =1 (right panels). Motivated by ear-
lier works [38,40,44], which observed that increasing the
bond dimension of random MPS plays the same scaling
role as increasing time in local chaotic circuits, we identify
D = Dye'' @, where Dy = (d + 1)/d and v(d) = In((d* +
1)/(2d)) (see Appendix E for more details). Within this
identification, we can also investigate whether the entangle-
ment asymmetry in random MPS reproduces the qualitative
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FIG. 2. Average Rényi-2 entanglement asymmetry in the inho-
mogeneous random MPS, with d = 2, calculated using the charged
moments (33). In the upper panels, we plot it as a function of the bond
dimension D, parametrized as D = Dye'"@, for two subsystem sizes
£4. In the lower panels, it is shown as a function of ¢, for different
values of ¢. In the left panels, we consider a charge p = 0, while in
the right panels we take p = 1. The black curves in the upper panels
correspond to the saddle point approximation in Eq. (36). In the limit
t — o0 (D — o0), we recover the results for Haar random states.

nonequilibrium behavior previously found for it in the case
p =0 in Haar-random brickwork circuits [45] and experi-
mentally in a Floquet system [46]. As we show in Fig. 2,
we find that the asymmetry exhibits the same behavior: for
£y < L/2, the plot shows an initial regime where the asym-
metry is nonzero but decays rapidly as D increases, eventually
approaching zero in the large-D limit. For €4 > L/2, the
asymmetry is well described by the saddle-point approxima-
tion (see Appendix D)

2 2

2p+1 In(e,) + lln (d”-— 1)Ddrn ,

2 2 3Q2p+ DH(1+dD?)
(36)
and saturates to a nonzero value as D — oo, which coincides
with that of Haar random states, as shown in Appendix D.
Eq. (36) corresponds to the black curves in the upper panels
of Fig. 2. We observe that Eq. (36) also characterizes the
average asymmetry for subsystems ¢4 < L/2, prior to its de-
cay to zero in the large-D limit. In Haar-random brickwork
circuits and p = 0, the relaxation time of the asymmetry, i.e.,
the time required to become arbitrarily close to its saturation
value, is independent of the subsystem size when £4 > L/2.
By contrast, for £4 < L/2, the decay to zero is governed by
the scrambling time of the system. From Eq. (36) and under
the identification D = Dye'V'?, it follows immediately that
the relaxation time in random MPS is likewise independent of
the subsystem size when £4 > L/2 for any p. For £4 < L/2,
we further verify in Appendix E that the asymmetry behaves

E[AS)g,] ~

at large D as

d+1)>d"
B[asg, ]~ T (37)
for any p. As a consequence, the relaxation time towards zero
scales linearly with ¢4, in agreement with the scrambling time
of brickwork unitary circuits.

The qualitative similarity of this behavior with that found
in Refs. [45,46] confirms that the mapping D ~ &' provides
a good effective description of the dynamics. We emphasize,
however, that the universality discussed here does not refer to
the full time dependence of the asymmetry. Rather, during the
growth regime the asymmetry obeys IE[AS/(P] = %ln(ﬂA) +
f(t), where the logarithmic dependence on the subsystem size
£4 is universal, while the function f(¢) is model dependent.
The universal features also include the long-time asymptotic
behavior, namely, the decay to zero for ¢4 < L/2 and the
saturation to the Haar-random value for £4 > L/2, as well as
the scaling of the relaxation time with £,4. In the random-MPS
framework, the results are derived as a function of the bond
dimension D, while their interpretation in terms of real-time
dynamics relies on the identification D ~ ¢'. This correspon-
dence provides a simple effective description of the dynamics
while requiring significantly simpler calculations than direct
circuit approaches.

Beyond typical states, we have numerically verified that the
bound (23) is also saturated for squeezed fermionic Gaussian
states, and we report a detailed discussion in Appendix F.

IV. GENERALIZED ENTANGLEMENT ASYMMETRY IN
THE COMMUTANT-ALGEBRA FRAMEWORK

The scaling of the entanglement asymmetry is closely
related to how the Hilbert space decomposes into sectors
associated with a given operator or algebra. In the simplest
case, this decomposition is generated by a U(1) charge, and
in the previous section we have extended the analysis to inho-
mogeneous charges such as dipole and multipole moments.
A natural framework to describe such decompositions in a
unified way is provided by the language of commutant alge-
bras [16]. In this approach, the relevant structure is encoded in
the algebra of operators commuting with the bond algebra of
a Hamiltonian, which determines how the Hilbert space splits
into dynamically disconnected subspaces, usually referred
to as Krylov subspaces [9]. Importantly, the standard U(1)
groups generated by the multipole moments Q, discussed
in Sec. III are encompassed within this broader framework.
Motivated by this observation, we extend the definition of en-
tanglement asymmetry from symmetrization with respect to a
group action to symmetrization with respect to the commutant
of a von Neumann algebra. While in Sec. III, the multipole
moments O, need not be conserved charges of a Hamilto-
nian; here we focus on the commutant of the bond algebra
of a Hamiltonian, which is the relevant setting for fragmented
systems. Nevertheless, the definition applies to arbitrary von
Neumann algebras. In both constructions, the chosen group
or algebra is part of the definition of the asymmetry, whereas
the invariance under it is a property of the state considered.
Thus the asymmetry quantifies the extent to which the state

235114-7



GOTTA, ARES, AND MURCIANO

PHYSICAL REVIEW B 114, 235114 (2026)

fails to be invariant under the chosen group action or algebra,
vanishing whenever the state is invariant.

Let us first quickly review the theoretical formalism intro-
duced in Ref. [16]. We consider the algebra generated by the
identity and the set of local (generally multisite) terms {hy} of
a Hamiltonian, which is dubbed the bond algebra and denoted
as A = (({hg})). Its commutant algebra C can be defined as
the algebra of operators that commute with each generator of
the bond algebra A. Since A and C are von Neumann algebras,
the double-commutant theorem states that they are mutual
centralizers. Therefore they provide a canonical decomposi-
tion of the Hilbert space H on which they act

"= M e H), (38)
A

where ’Hf‘ is a Dy -dimensional irrep of A and ’Hf is a d-
dimensional irrep of C. The Krylov subspaces associated with
A correspond, for each value of A, to the d;, copies of the irrep
?—Lf‘. Since every operator A € A acts irreducibly within each
of these blocks, the total number of Krylov subspaces is N =
>, dy. Using the decomposition in Eq. (38), one immediately
obtains that dim(#) = Y, D;d,. Moreover, for each A, A and
C realize the full matrix algebras on ’Hf‘ and Hf, respectively,
and this leads to dim(A) = Y, D3 and dim(C) = ", d7.

With this unified framework in mind, we can define a gen-
eralized notion of entanglement asymmetry that quantifies the
symmetry breaking for any symmetry structure captured by
the commutant-algebra formalism, including those responsi-
ble for ergodicity breaking in scarred and fragmented systems.
Since the commutant algebra C is a finite-dimensional unital
associative von Neumann algebra, we can follow the proce-
dure outlined in Ref. [90], originally developed in the context
of generalized symmetries in quantum field theory, to con-
struct a symmetric state pg that satisfies

Ops = psO, YO eC. (39)

Let us take a basis {X,} of the commutant algebra C. The
symmetrization of p is then given by [90]

ps =y K“"EPR.pR(), (40)

a,b e

where K“? are the entries of the inverse of the matrix K, , =
Tr(X,Xp), and we have decomposed the basis elements of C
into irreps as

X, = @Xu(x). 41)
A

It is easy to check that py satisfies several properties necessary
to be a good symmetrized density matrix [90]. In particular, if
the original state p is already invariant under the bond algebra
C, then the symmetrization leaves it unchanged, i.e., ps = p.

Following Eq. (40), the entanglement asymmetry of the
state p with respect to the commutant C can be defined as in
Ref. [90] for higher-form and noninvertible symmetries,

ASc(p) = S(ps) — S(p). (42)

This is a generalization of the entanglement asymmetry for
U(l) groups in Eq. (1), and has similar properties. It can
be rewritten as the relative entropy between p and ps and,

consequently, is non-negative. It vanishes iff p is symmetric
under the commutant C, namely [0, O1=0vO ecC.

Notice that we have defined the commutant asymmetry
for the density matrix of the full system, rather than for
a subsystem A as we did for standard U(1) symmetries in
Sec. II. Unlike the multipole moments studied in Sec. III, the
elements of the commutant algebra do not generally satisfy
the locality property O = O, + Op, where O4 and Op have
support in A and B, respectively. This property is, in principle,
required to define the asymmetry in a subsystem A according
to Sec. II: one first takes the partial trace and then symmetrizes
the reduced density matrix. To define a subsystem commutant
asymmetry, one could adopt the approach in Ref. [96] for
space translations: first construct the symmetrized state, as
done here, and then take its partial trace. Both approaches
yield the same asymmetry whenever the locality property
holds. In any case, we will focus on the full system.

A more practical expression for the symmetrized density
matrix in Eq. (40) can be obtained in terms of the projectors
onto the irreps A in Eq. (38). Since the commutant C is a
semisimple symmetry algebra, the symmetrization acts as a
projector onto irreducible sectors. This is a consequence of
the Schur lemma. The symmetrization of p in Eq. (40) can be
rewritten as

ps = EP(Bs)s» (43)
vy
where
(pshw =Y _ R XWXy (). (44)
a,b

Since, by construction, ps commutes with every element X,
of the commutant algebra, the blocks satisfy )A(C()L)(,Z)s)k, V=
(ps )M\XC (A). Then the Schur lemma implies that (ps); ,» = 0
when A and A’ correspond to inequivalent irreducible repre-
sentations, and

ps =) K" P R.0IpXs(M). (45)

a,b A

We now introduce the projector IT, onto the irrep A, such that
we can rewrite Eq. (45) in the form

ps =D KX WLpMLXG). @6
A ab

In each irrep X, the Hilbert space factorizes as ’Hj\“ ® HE, as
stated in Eq. (38). Then the basis elements in each irrep can
be decomposed as

X, (1) =14 ® X,(A), (47)

where I 4 is the identity within the Hilbert space #3*, and

ps =YY K’ (T4 @ X, 0N AT (T4 ® Xy(1). (48)
A ab

We assume that, within each irrep A, the projected state
I1,pI1, can be expanded in a basis of operators acting
on HA ® HE. Since End(H;) = End(H:) ® End(HS), we
can choose operator bases (A j} and (B ;} for the two fac-
tors. In terms of these bases, any projected density matrix
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takes the form

:|>

0 Z cjjA; ®B; (49)
JJ'

If we plug it into Eq. (48), we find

ps= > cii|Ai® ) KRB X | (50)
i a,b
By applying the Schur lemma again [90]
D

> KPR, (0B Xy (0) = Te(B; )

C’
a,b H

we obtain the following expression for the symmetrized den-
sity matrix

. PN Ic

ps = ;TYC(HAPH,\) ® (52)
Here, the sum over A can be understood as a sum of operators
embedded in the full Hilbert space through the projectors IT;.
This result extends to commutant algebras the symmetrization
of density matrices found in Ref. [26] (see also Ref. [24]) for
standard non-Abelian compact groups. See Appendix H for an
alternative derivation of Eq. (52).

A particularly relevant situation is when the commutant
C is Abelian, which corresponds to classical Hilbert space
fragmentation [16]. In this case, all irreps of C are one-
dimensional, d; = 1, and each irreducible subspace H,; of the
bond algebra .4 can be identified with a Krylov subspace. As
follows from Eq. (52), the symmetrized density matrix can
then be obtained by projecting onto the Krylov subspaces,
ps = X, I A1,

Bound for the generalized entanglement asymmetry. To
derive a bound on the entanglement asymmetry for pure states
o = |¥) (¥|, we use Eq. (52) for ps and decompose its von
Neumann entanglement entropy as done in Eq. (17) for the
case of multipole symmetries,

I
S(ps) == pilnp; + ZmS@;“ ® d—c) (53)
A
A A

where p;, = Tr(I1, ) can be interpreted as the probability of
each irrep A under the projection IT,, and p/\ is the reduced
density matrix :Ox = Trc () of the projected state

IT, pIT,
Px .

Py = (54)

Since this state is pure on the virtual bipartition 7—[,{4 ® HS,
the entropy of ,?);4 can then be at most In(dpin,» ), With diin 5 =

min{D,, d,}. Therefore

S(ps) < =Y _paln(p) + Y paln(didmins). (55
A A

By further using the concavity of the logarithm, we obtain the
final bound

S(ps) <In (Z dkdmm,k) (56)
A

Since for a pure state S(p) = 0, the bound in Eq. (56) is an
upper bound on the commutant-algebra entanglement asym-
metry (42).

Observe that for Abelian commutants, since d; = 1 for all
A, then dpin . = 1 and the bound of the asymmetry in Eq. (56)
is directly determined by the number of Krylov subspaces,

ASc < InNg. (57)

When applied to conventional or unconventional symmetries,
we recover the results summarized in Table I. Indeed, if we
symmetrize the state with respect to the Abelian algebra gen-
erated by operators such as the number or multipole operators,
one retrieves the logarithmic scaling discussed in the previous
sections, since the number of corresponding sectors grows
only polynomially with system size. In contrast, resolving the
full commutant algebra associated with the bond algebra dis-
tinguishes the Krylov sectors of the dynamics. In fragmented
systems, where the number of such sectors grows exponen-
tially with system size, this may lead to an extensive scaling
of the entanglement asymmetry.

Finally, pure states saturating the bound in Eq. (56) exist
and are generically of the form:

vV dydmin s [Ymax, ) (58)
vV ZA d)\. min, A XA: ’ ’ ’

Here the maximally entangled state |/max ) 1S defined as

|wmax> =

mm A

Z |¢()») ® |(p()») ’ (59)

hbmax,)\)
v mm A

where the set {|q>(’\)) ™" is an orthonormal basis (subset)

of Hx if dpiny = D,\ (dmm » = d,), and, similarly, the set

{|<pm) j““" * is an orthonormal basis (subset) of ”HC if dmin,). =

d, (dmm, » = D;). An intuitive way to understand Why the state
in Eq. (§8) maximizes the entanglement asymmetry is to note
that Eq. (53) separates the asymmetry into two contributions.
The first term corresponds to the Shannon entropy associated
with the probability distribution over the irreps A, while the
second term captures a quantum contribution arising from the
entanglement between H;' and H$ within each irrep. The
state in Eq. (58) maximizes both contributions simultaneously.
First, it is a uniform superposition of states belonging to
each irrep A, so that all sectors are equiprobable. This max-
imizes the Shannon entropy of the sector probabilities and
therefore the first term in Eq. (53). Second, within each irrep
we choose the maximally entangled state between ’Hj\“ and
Hf, which maximizes the second term. This structure has a
simple interpretation in the two limiting cases. In the case of
classical fragmentation, the second term in Eq. (53) vanishes,
and the asymmetry is entirely determined by the classical
probability distribution over Krylov subspaces. The maximal
state is therefore the uniform superposition over all sectors. In
contrast, in the case of quantum fragmentation there is an ad-
ditional quantum contribution coming from the entanglement
within each irrep, which is maximized by choosing maximally
entangled states in each virtual bipartition ;' ® HS.

In the next section, we exploit the structure in Eq. (58)
to obtain states whose entanglement asymmetry grows faster
than in the U(1) cases explored so far.
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V. HILBERT-SPACE FRAGMENTATION AND
VOLUME-LAWS FOR
THE ENTANGLEMENT ASYMMETRY

Since Hilbert-space fragmented systems are characterized
by an exponentially large number of dynamically discon-
nected sectors, it is natural to explore a simple setting
exhibiting this phenomenology, in which the entanglement
asymmetry within the framework introduced in Sec. IV can
be computed exactly. This will allow us to test the expec-
tation that this quantity grows faster than logarithmic in the
system size. We highlight here that fragmentation can be
classified as classical or quantum, depending on whether a
maximal Abelian subalgebra of the commutant admits a lo-
cal product eigenbasis [18]. Our bound (56) shows that in
classically fragmented systems, where fragment labels can
be resolved by commuting observables, the asymmetry is
bounded by the logarithm of the number of sectors. In con-
trast, for quantum fragmentation, no such product basis exists,
and the noncommuting structure within fragments contributes
through the factor dpip ;. Ref. [17] showed that a vanishing
or nonvanishing bulk autocorrelation function is not sufficient
to distinguish classical from quantum fragmentation; in this
sense, asymmetry provides a probe to differentiate between
classical and quantum fragmentation.

We first reconsider the state (8) introduced in Sec. III,
where its entanglement asymmetry was evaluated with respect
to the U(1) groups generated by the magnetization and dipole
moment. We can now compute its full-system asymmetry with
respect to the commutant associated with the Hamiltonian (9),
using the definition introduced in Sec. IV. As we discussed in
Sec. III, all computational-basis configurations appearing in
the expansion of the state |i/) in Eq. (8) form isolated one-
dimensional Krylov subspaces of Hamiltonian (9). As a result,
the full-commutant symmetrization reduces to a projection
onto these sectors, allowing us to evaluate the corresponding
asymmetry analytically. Let ¢ label the computational-basis
configurations appearing in the expansion of [i), namely
those with all odd sites in the state ||) and arbitrary spin
configurations on the even sites. Each of these configurations
forms an isolated one-dimensional Krylov subspace of the
Hamiltonian in Eq. (9), K. = spanf{|c)}, with corresponding
projector IT. = |c¢) (c|. The full-commutant symmetrization of
the state ) is therefore

ps =Y Tl ¥) (1L (60)
Thus, expanding Eq. (8) as
) =27"*%"c), (61)
we directly find
ps =272 1) (el (62)

The symmetrized state is the maximally mixed state over the
2L/2 one-dimensional Krylov sectors K., and its von Neumann
entropy is S(ps) = L/21n 2. Since |y) is a pure state, the full-
system asymmetry is

ASc(ly)) = S(ps) = L/2In2. (63)

This behavior differs from the U(1) cases discussed in Sec. III,
where the number of charge sectors grows only polynomially
with the subsystem size, leading to a logarithmic entangle-
ment asymmetry, cf. Eqs. (14)-(15). Here, the full-commutant
symmetrization resolves the state into 2/ one-dimensional
Krylov sectors, resulting in an extensive asymmetry.

A. t-J, model

We now focus on a paradigmatic example of Hilbert-space
fragmentation, the ¢-J;, model [109,110]. This model belongs
to the family of spin-1 Hamiltonians generated by the bond
algebra

L—1
A= <<{ > (100 141 (001 41 +h.c.)} ,

o==+1 j=1

(58 1 (81 {(ﬁ;f};»- o

where |Oo')j,_,- 11 (00|j. 1 is the nearest-neighbor hopping op-
erator on the bond j, j + 1, 35 is the local spin-1 operator
in the z direction, and the double-angle bracket denotes the
algebra generated by the listed operators. This class of mod-
els describes lattice spin-1 systems where the only allowed
transitions among the product states in the z basis are the ones
in which the states |£1) are free to exchange their position
with a neighboring |0) state under a hopping process. As a
result, the dynamics is constrained to disconnected Krylov
subspaces of the full Hilbert space H [16,111], each of which
is specified by fixing (i) the number n of sites in the states
|£1), (ii) the number 0 < ny < n of sites in the state |1), and
(iii) the number of different patterns & (n, n4) = {O’j}?zl, with
oj = %1 for every site j, under the constraint that n; entries
of & have to be equal to +1 and n — ny have instead to be
equal to —1.

Under these constraints, the Hilbert space H decomposes
into

L n
H=EPP P Kunswmn: (65)

n=0 ny=03&(n,ny)

where ICn,nT,;,(n,,,T) denotes the Krylov subspace specified by
the values of n,n4, and the spin pattern & (n, ny) defined
above.

Let us now compute the entanglement asymmetry for three
classes of pure states: a bound-saturating state, a uniform
superposition of all z-basis product states with fixed n, and a
uniform superposition of all z-basis product states with fixed
(n, ny).

Maximal-asymmetric state. We start from a maximally
asymmetric state that takes the form in Eq. (58). Since the
commutant is Abelian, all multiplicities satisfy d) = duin.» =
1, and any bound-saturating state must have the form

|1//max) = |1//n,n¢,6(n,n¢)> s (66)

1
N}C n,n (?Z(n ny)
14,6 (1,4
where Ny = 2*! — 1 is the number of Krylov subspaces.
The states |Yu,.6(n.ny)) are normalized and lie within the
Krylov subspace labeled by the index set (n, ny, 6 (n, ny)).
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The corresponding asymmetry can be read off from Eq. (56),
giving

ASC(hﬁmax) <wmax|) =In (NIC) x L, (67)

i.e., a volume-law behavior.
Fixed n. The second state is defined as

V) = IC) . (68)
e L

n CeH,

where H, denotes the sector of the Hilbert space spanned
by all z-basis product configurations |C) containing exactly
n sites in either the |1) or |—1) state. Keeping in mind the
decomposition in Eq. (65), the state |,,) can be rewritten by
grouping the configurations according to the Krylov subspace
that they belong to

V) = —— ZZ

" ny=03(n,ny)

l)lC,,,,T Gnnp) an ny, 0 (n, "T) (69)

where the states

1
W smy) = —— > 10),
1/ DIC)I,IXT,E(VI.IXT) CEK"'”T“””'”T)

form a set of orthonormal states. Every such state is simply
the equal-weight superposition of all basis configurations in
the Krylov subspace /C,, , RETCRTS, for each allowed value of ny
and & (n, ny) at the given value of n.

The commutant-algebra asymmetry is then simply ob-
tained from the symmetrization of (69),

ps= D Tk s, V) Wl Tl

m,my,G (m,my )

I

ny=03(n,ny)

(70)

& (m,my)

n ”T .G (nny)
! |Wn,nT,&(n,nT)> <¢n,n1,3(n,nT)| s

n

(71)

as the Shannon entropy of the probability distribution ob-
tained by the square of the coefficients in the expansion of
|Y,) in Eq. (69), namely

ASC(“ﬁn) (¢n|)

DI

ny=03(n,ny)

K, n¢ & (n. nT) (DKrz,n¢,ﬁ(rl,n¢> ) . (72)
D+,
Using the fact that

L L
D’Cn‘nT.&(n,nT) = <n>a D’H,L = <n>2nv (73)

the asymmetry reads

ASc(|¥n) (Yul) = nIn2. (74)

When the sector H,, is chosen so that n, i.e., the number of
sites in the state |—1) or |+1), scales extensively with the
system size, we obtain a volume law for the asymmetry of
the state |y,).

Fixed n and n,. Finally, we choose the third state as

1 Y. lo), (75)

/D
Hony CE”H,,_,,T

where H,l,nT consists of all the z-basis product states with n
spins in |£1) and exactly n4 of them equal to |1). Using the
decomposition in Eq. (65), we can rewrite |, ,,) by assem-
bling all configurations belonging to the same subspace

1
= D Z 1/l))C,,‘,,TAm,,J,T) |I//n,n¢,6’(n,n¢)> ’ (76)
v/ P Ha

ny G (n,np)

|1/fn,n¢> =

[Vnn, )

where the states |, u, 5 (1.n,))» introduced in Eq. (70), form a
set of orthonormal states, as mentioned before.

Following the same reasoning as above, the commutant-
algebra asymmetry is obtained by computing the Shannon
entropy of the probability distribution formed by the square
of the coefficients in the expansion [, ,, ) in Eq.(76), namely,

ASC(lwn,m ) <I/fn,n¢ |)
nnT &, nT)

_ Z D}C”Mﬁm,np ) (77)
’;'-LnnT DH"-”T

& (n,ny)

Using Eq. (73) and

()G
n nT

the asymmetry reads

ASe(Wnm) W, ) = In ( ! ) (79)
ny

When 7 and ny scale extensively, the asymmetry of |1, )
follows a volume-law with logarithmic corrections.

Beyond the technical result on the extensive scaling of the
entanglement asymmetry, this finding is also notable from a
resource-theoretic perspective. The symmetrized superposi-
tion of eigenstates of the 7-J, model provides a clear example
of a highly resourceful state within the resource theory of
asymmetry.

Typical asymmetry in a fixed-occupation sector. The
examples above concern specially constructed states with con-
trolled weights over the Krylov sectors. It is therefore natural
to ask whether their extensive asymmetry is representative of
typical states in the fragmented Hilbert space. In general, the
answer can depend on the ensemble under consideration. If
an ensemble effectively occupies Ng sectors, its asymmetry
is expected to be of order In N, whereas the maximum is
determined by the logarithm of the total number of available
sectors. This is analogous to the conventional U(1) case,
where clustering states typically populate only O(+/L) charge
sectors and consequently have AS ~ %ln L, while the maxi-
mal asymmetry scales as In L. As a concrete example, we can
consider Haar-random pure states within a fixed n sector of
the ¢-J; model considered in Sec. IV. In particular, let

n
H, = @ @ Koy 50np)

ny=05(n,ny)
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be the decomposition of the Hilbert space into Krylov sectors.
For a Haar-random state |¥) € H,, the sector weights p;,
with A = (n4, 6(n, ny)), are Dirichlet distributed, with pa-
rameters given by the corresponding sector dimensions [112].
Since the commutant is Abelian, the second term in Eq. (53)
is zero, and the Haar-averaged commutant asymmetry is the
average Shannon entropy of these weights. Using the Haar
average of this entropy derived in Ref. [112], we obtain

E[ASc] = ¢ (D3, +1)

Dy
”'”T'G("'”T)
— E E “D. I/I(D’Cn,%,m,np +D,
3 Hon
+ G(n,ny) g

(80)

where v is the digamma function. Using

L L
Dx,, s = ( ) Dy, = 2"( ) (81)
n n

we can expand the result above for E[AS¢] in the large n
limit, and we get E[AS¢] =~ nln2, up to corrections expo-
nentially suppressed in L (assuming n scales extensively with
the system size). Therefore a Haar-random state in 7, has
the same leading commutant asymmetry, »n In 2, as the explicit
state with exactly uniform weights over the Krylov sectors.
The two results differ only by a finite-size correction arising
from the fluctuations of the sector probabilities in the Haar
ensemble.

B. Temperley-Lieb spin chains

We now provide a simple example in which the quantum
contribution to the asymmetry can be evaluated explicitly. We
consider the Temperley—Lieb models for spin-S chains with
open boundary conditions and local Hilbert-space dimension
N =28+ 1 [18]. The total Hilbert space decomposes as

H=EPn'on. (82)

A

where the dimensions of the Temperley-Lieb bond algebra and
its commutant are, respectively,

L L
Di.= <L/2+A) <L/2+A + 1)’ h =22+ 1.
(83)
Here [n], = (¢" — g ")/(q — g~ ") is the g-deformed integer,
with N = g + g~'. To isolate the contribution arising from
the virtual bipartition 7—[,{4 ® HS, we consider a pure state
supported entirely within a single A sector,

1

) = T Z la") @ |c}). (84)
min, j

where {|a§”)} and {|c§”)} are orthonormal bases of ’Hf and
HC, respectively. The reduced density matrix on Hf‘ is

: Z }a?))(aﬁw . (85)
J

dmin,k
Since the state has support in only one sector, p, = 1, the
Shannon contribution associated with the distribution over

A A
P, =

different irreps in Eq. (53) vanishes. Using the symmetrized
density matrix (52), we find that the total asymmetry is

ASc = Ind, + In dmin,)u (86)

The contribution In dp, , comes from the entanglement be-
tween the representation spaces of the bond algebra and its
commutant within a single sector, so it has an intrinsically
quantum origin. For the specific Temperley-Lieb algebra, we
can choose A = 1,suchthatd; = ¢*> + 1+ ¢ > =N? — 1 and
dmin.;. = dy. Thus ASe = 2In(N? — 1).

VI. CONCLUSIONS

In this work, motivated by the perspective of the quan-
tum resource theory for the asymmetry, we introduced
the multipole and, more generically, the commutant-algebra
entanglement asymmetry with the purpose of unveiling sym-
metries that lead to enhanced large-size scalings of the
asymmetry. We summarize here our main findings:

Symmetry breaking of inhomogeneous charges. We have
studied entanglement asymmetry in the presence of multipole
conserved charges, focusing on situations where a U(1) sym-
metry is broken in a spatially inhomogeneous way, such as for
dipole and higher multipole moments. In contrast to the usual
homogeneous charge, these symmetries partition the Hilbert
space into a much larger number of charge sectors that grows
rapidly with system size. As a result, states that break such
inhomogeneous symmetries can distribute their weight across
many more charge sectors, which enhances the entanglement
asymmetry. We show that in different settings ranging from
random MPS to simple product states, the asymmetry scales
logarithmically with system size, but with a larger prefactor
than in the homogeneous case. We compute not only the
maximal asymmetry one can achieve in this case, but also the
typical asymmetry that one would obtain. We derive general
upper bounds for this growth and show that they are typically
saturated.

Universal aspects of the dynamical behavior of entangle-
ment asymmetry for U(1) charges. As a byproduct of our
analysis of random MPS, we have also investigated the dy-
namics of entanglement asymmetry for both homogeneous
and inhomogeneous charges. By identifying the bond dimen-
sion with an effective time, we observe the same universal
behavior previously found in Haar-random circuits and Flo-
quet dynamics: for subsystems smaller than half of the system,
the asymmetry is initially nonzero but decays exponentially,
whereas for larger subsystems it saturates to a finite value. Al-
though the duration of the initial transient regime depends on
the specific circuit geometry, the shared qualitative behavior
indicates that the underlying mechanism is universal.

Commutant algebra framework. To go beyond standard
symmetry groups, we reformulate the entanglement asymme-
try within the commutant-algebra framework, which provides
a unified language to describe both conventional symmetries
and the more exotic structures that appear in Hilbert-space
fragmentation. Instead of characterizing symmetry sectors
through the eigenvalues of a conserved charge, this approach
decomposes the Hilbert space using the algebra of operators
that commute with all local dynamical terms. The commutant-
algebra approach naturally captures situations where the
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Hilbert space splits into many dynamically disconnected
sectors that cannot be labeled by simple global quantum num-
bers. We derive general bounds for the commutant-algebra
asymmetry of a pure state in terms of the internal struc-
ture of the Krylov sectors. Since commutant algebras share
the algebraic structure of the higher-form and noninvertible
symmetries considered in Ref. [90], we adopt the correspond-
ing symmetrization procedure and definition of entanglement
asymmetry introduced there. This opens up the possibility
of studying the breaking and restoration of unconventional
symmetries across a wide range of systems and phenomena
through the same lenses.

Extensive entanglement asymmetry. By exploiting the
underlying algebraic structure, we construct explicit states
whose entanglement asymmetry grows much faster than in
conventional symmetry settings. While ordinary global sym-
metries lead only to logarithmic growth of the asymmetry with
system size, fragmented systems allow for extensive behavior,
because these states coherently spread over an exponential
number of dynamically disconnected sectors into which the
Hilbert space decomposes. This result directly connects to
our original motivation for identifying states and charges
with large asymmetry. Entanglement asymmetry provides, in
general, a lower bound to the quantum Fisher information,
meaning that states with larger asymmetry are potentially
more sensitive to symmetry-generated transformations. From
this perspective, fragmented systems naturally host highly
asymmetric states that may serve as promising resources for
quantum technologies, such as quantum sensing, where en-
hanced sensitivity is a key requirement.

Our new results open up several interesting lines of in-
vestigation to be explored in the future. First of all, while
the present work deals with the typical value of the dipole
entanglement asymmetry, powerful techniques in the realm of
free-fermion models would allow us to tackle its quench dy-
namics under quadratic fermionic Hamiltonians from a broad
class of initial states, such as those studied in Appendix F.
In particular, it is interesting to investigate whether the phe-
nomenology of the quantum Mpemba effect [22] can also be
observed in the relaxation dynamics of such systems of the
dipole entanglement asymmetry. Moreover, it would be inter-
esting to understand whether the qualitative behavior observed
in random MPS reflects a deeper underlying mechanism that
may control other quantities like the circuit complexity [113].

Furthermore, Brownian circuits have recently proven to
be a powerful tool in the study of universal properties of
entanglement dynamics. Thus it is certainly timely to adapt
the findings presented in Ref. [114] to the entanglement
asymmetry. Specifically, the Brownian-circuit picture would
allow to address the evaluation of the saturation value of
the entanglement asymmetry under noisy symmetry-endowed
evolution, as well as to analyze the entanglement asymmetry
dynamics in the known case of absence of circuit symmetries,
complementing previous studies in Refs. [45,115] (see also
Refs. [85-88]).
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APPENDIX A: CONNECTION BETWEEN ASYMMETRY
AND QUANTUM FISHER INFORMATION

In this Appendix, we derive some rigorous connections
between the entanglement asymmetry for a U(1) symmetry
and the quantum Fisher information of the charge { that gen-
erates it, thereby showing that states with large asymmetry can
be considered as promising candidates for quantum sensing
applications.

The QFI determines how sensitive a state is p to a unitary
imprinting e =72 pe’? generated by Q. For a pure state |),
the 2QFI is directly given by the variance of 0, o2 = (0?) —
Q)7

Fy(I9)) = 40>, (A1)

On the other hand, from Egs. (18) and (20), we have that
the asymmetry of |y) for the charge Q is bounded by o>
according to

1 2 1 1
ASp(IYr)) < Eln [27[(0 +E>] +§. (A2)
Combining Eqgs. (A1) and (A2), we obtain
F 2885,(9)
olv)) e (A3)

> - —.
4 2me 12

In particular, for multipole charges Q,,, the leading behavior
of ASQ,,(W)) ~ @ In L for typical pure states thus leads to
a lower bound on the QFI of the form:

2

Fp(p) > —L*" + O(L"). (Ad)

e
This result suggests that higher-p multipole charges may serve
as more effective imprinting operators in quantum sensing
applications.

If we weaken our assumptions by allowing the state p to
be mixed, we note that the quantum Fisher information is, in
general, the convex roof of the variance [116], i.e.,

Fp(p) =4 inf 02,0s A5

o) =4 ) Zk:pk V) (A3)

where {pi, |¥)} represent all the pure-state ensemble de-
compositions of p. The infimum is actually a minimum,

meaning that there exists an ensemble decomposition p =
Y PV (W] such that the expression on the right-hand
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side of Eq. (A5) equals the QFI F;(p). Consequently, we may
express FQ([)) as

Fp(p)=4 Z o) (A6)
k

Since, however, the variance of the charge Q over the pure
states |y;") (Y| satisfies Eq. (A2), we may conclude that

2SN
Fp)y=aS plf——
0(P) > Zk:p" Ime 12

2 .
N sz 208 Uv gD (A7)
e

Equation (A7) represents a lower bound on the quantum
Fisher information of Q over the state p. The bound is ex-
pressed as an ensemble average of an exponential function
of the asymmetry, with the ensemble chosen to minimize
the average charge variance. While the result depends on
the quantitative form of the ensemble distribution and on the
entanglement asymmetry properties of the ensemble states,
Eq. (A7) provides a compelling argument for searching for
charges with typically enhanced large-size scaling asymmetry.

APPENDIX B: VARIANCE OF MULTIPOLE CHARGES
IN CLUSTERING STATES

In this Appendix, we derive the bound in Eq. (22) for the
variance o2 = (QIZJ) — (0,)? of the multipole charge (7) in the
states that satisfy the clustering property (21), following the
same reasoning as for the case p = 0 in Ref. [31].

Let us assume here that the charge Q,, is of the form
Q,, = ZJL'=1 gj with §; = jP6}. In this case, using the triangle
inequality, we have

(@jiq5) — (4501 < @jq5) 1 + 1K@ llg 0. (BD)

Taking the Frobenlus operator norm ||O|| = /Tr(070) and
applying |(0)| < (1011, 110102|| < [|01]] - 1102]|, and [14;]| =

f]”, we find

G74.) — (@)@ < 211,11 - 11|l = 4j7 ;- (B2)

Therefore, combining the clustering property (21) and the
previous bound, we have

Z Z q]lqu qjl)(qu>
= 1]26”}
ZZ|q11q]2 q]l 4221112’
J1=1 JzeIAI h= ljzelf}
(B3)
where I} A = (x| 8(x, x") < A}. The last sum can be bounded

by
min(L,A+j;)
_ :p P
= Z Z JiJ2
J1=1 jp=max(l,—A+ji)
A+

Z Yo i =sp). (B4

1=l p=—A+]i

= L2 (1 +2A)/(2p+ 1) + O(L?"), and,

ZZJI

Ji=1 12611;

For large L, s(p)
finally,
4(1 +2A
o < 2LE2N papiiy oy, (B5)
2p+1
APPENDIX C: CALCULATION OF THE AVERAGE
ENTANGLEMENT ASYMMETRY FOR HAAR
RANDOM STATES

In this Appendix, we show the details of the calculation of
the average charged moments in the ensemble of Haar random
states, reported in Eq. (28) of the main text. To obtain them,
we can apply the folded circuit picture as in the case of the
homogeneous charge, p = 0, studied in Ref. [67]. Using the
Choi-Jamiolkowski mapping, we can rewrite the total density
matrix p = U |0) (0| U as the vector (U ® U*)|0)®? in the
doubled total Hilbert space H ® H, which can be graphically
represented as

1L Il

= (U U*)|0)%? = U

WL
0) [0)

I
0) [0)
(CDH

Since the charges Qp are diagonal in the computational basis,
the charged moment Z,(a) = Tr(pse/*9r4 pye~Cr4) can be
obtained by piling up two replicas of the folded circuit (C1),

S e (€2)
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and contracting them,

(17 ()] (17 (acy)

+
< [r/

(1

Zy(a) = (C3)
10) & 0% Jo)®* j0)®*
with the boundary states
d—1
1), =" la); ®la); ® b); ® |b); (C4)
a,b=0
and
d—1
I @), = Y &P a); @ b); ®1b); ®a),; - (C5)
a,b=0
In Eq. (C3), «; is defined as «; = o j?. In formulas, Eq. (C3) reads
Zy(@) = (+—;a| (U @ U*)®*[0)**, (C6)
with
|—+. @) = @I, Q) 1y (@) - (e7)

jeB

JjEA

To calculate the average charged moments over the Haar random states, we can now apply the well-known Weingarten formula

from random matrix theory [117,118]

E[U®UH®= ) wlo,v)lIf) I, (C8)
o,Te{L}

where |I}) = ®*_, |1j>j, with |1;); = |; (0)) ;, and

1
w+,+) =w(—,—) = dZL——l’
Inserting Eq. (C8) in (C6), we have

ElZy()] =d ™ +d "]

w+, =) =w(—,+)=—

1 1

T (C9)

by .2
sin“(do;)

L sin?(a;) - (10)

j=l1 J

In particular, in the thermodynamic limit £4, L — oo with £4/L finite, we obtain Eq. (28) in the main text.

APPENDIX D: CALCULATION OF THE AVERAGE
ENTANGLEMENT ASYMMETRY IN RANDOM MPS

In this Appendix, we present the calculation of the average
entanglement asymmetry (36) for the random MPS, defined

J

S
I

(

in Fig. 1 of the main text. We can again follow the same pro-
cedure as in the case of Haar random states, see Appendix C.
We construct the density matrix p = [¢) (|, apply the Choi-
Jamiolkowski mapping to vectorize it, and eventually take the
n = 2 replica. Graphically,

(D1

0y®* (0)®*
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where

= = (U; @ U} D2)

Since each random matrix U; is drawn independently from the rest, we can then average them separately. Applying the
Weingarten formula,

E((U; ® U;)®%] |0)**

Y wlon) 1), @ 115); (17 © (Ip]; | 10"

o,re{t}
(D3)
j0)**
= > wlon) ), ®Ip); (Ipl;,
o,7e{t}
where
( ) = w( )= —— ( ) = w( )= 1 (D4)
w+,+—w—,——(dD)2_1, w(+, — _w_’+__(dD)2—ldD’

and the states |/, jE) were defined in Eqgs. (C4) and (C5) . Therefore

+ +
(l ()‘l (, “2 [(I I!l

10)®

where the upper blue legs are contracted with the boundary states (/; (a)| or (Ij| depending on whether the site belongs to A or
B respectively. We can now rewrite E[Z,(«)] in terms of the transfer matrices 7_(«) and T,

= —[T(al)HT(QQ)]_ oo _[ T, H T, ]_ o (D6)
g Z (@) ;(IH D), (D7)
oc{+t}

(

If we consider periodic boundary conditions, then Eq. (D6) decomposition of 7', reads
can be expressed algebraically as

defined as

0 Ty = IRV LTI+ 23 IRY) (LY, (D9)
E(Zy()] = Tr | [[T- ()T~ |. (D8)
i where |R;T), |L}L) are the right and left eigenvectors of 7, with
eigenvalues
which corresponds to Eq. (33) in the main text. Here 7'y and
T_(«) are the representation of the transfer matrices (D7) in dD® —d
the basis {|I;) , 1)}, whose explicit expressions are given in AT =1, A; = 5 (D10)
Egs. (34) and (35), respectively. @D)* 1
Let us now derive the asymptotic behavior of E[Z;(«)]
from this result. Although nonsymmetric, both transfer matri- The eigenvectors are biorthonormal, i.e., (L;r |R;:> =4j

ces Ty and T («) are diagonalizable. In particular, the spectral Therefore, since )J < 1, in the thermodynamic limit L — oo,
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Eq. (D8) tends to

N
E(Za(e)] = (LI ][ T- (o)) IRY) .

J=1

(D11)

Applying now the spectral decomposition of 7_(«),

T_(a) = Ay (@) [Ry (@) (Ly (@) + A5 (@) [R; () (L, ()],
(D12)
and assuming £4 > 1, the leading order term in Eq. (D11) is
£4—1
E[Zx(@)] ~ (L IRy (1)) H [Ly (IR} (js1))]
j=1
£a
x Ly (e )IRT) [ ] A7 (@),

j=1

(D13)

Computing the scalar products, expanding them around o =
0, and taking the leading term in £,4, we find

(1+d)*D?
(14 dD?)?
The same expansion is found around the other saddle point at
o = m. Therefore, using this result in Eq. (4), we can compute
the integral in o by performing a saddle point approximation
ata = 0 and o = 7, as we did in our first example in the main
text, and we finally find that

E[as®, ]~ 2

_ @*-ppZ
e 3Qp+hHdpr+1) A

2p+1 2

E[Z(a)] = “. (D14)

(d®> — )D*dr
32p+ (1 +dD?)’
(D15

1
) IH(EA) + zln

This is Eq. (36) in the main text. As shown in Fig. 2, this ap-
proximation works well for subsystems with £, > L/2 at any
bond dimension D, and for £4 < L/2 when D is sufficiently
small. In the latter case, the limits L — oo and D — oo do
not commute.

Finally, we can also study the limit D — oo, with L finite.
In that case, the transfer matrices 7y and 7_(«) simplify as

1 L
Ty = <0 (l)), T (a)= <8
d

Inserting them in Eq. (D8), we find

0
sin(de) |- (D16)

d? sin’(a)

D— o0 ¢ v} “ Sinz(dw)
E[Z()] "= d " +d [ [ =5, ©I7)
i1 sin“(a;)
which coincides with the charged moments (C10) of the Haar
random states and, therefore, have the same asymmetry.

APPENDIX E: MORE ON THE CONNECTION BETWEEN
RANDOM MPS AND BRICKWORK CIRCUITS

In this Appendix, we discuss in more detail the relation
between the results for the entanglement asymmetry found
in this paper and those obtained in Ref. [45] for random
brickwork circuits, by identifying the bond dimension D of
the MPS with the time 7 in the brickwork circuit via D ~ €.
We can naively guess this relation as follows. A well-known
result in random unitary brickwork circuits is that, in the ther-
modynamic limit L — oo, the average purity of an interval at

times ¢ << £4 behaves as [104]
Ecircut[Tr(03)] ~ ¢, (E1)

where v(d) = In((d*> + 1)/(2d)). On the other hand, the pu-
rity in the random MPS in the thermodynamic limit is given

by Eq. (D11) with o; =0,
L (—d+aD “
—1+d*D?

(=14 D*)(—1+d*D?)

. (1 +d)*D?
E[TI‘ ('OA)] = (1 +dD2)2

E2

(14 dD?)? E2)

Taking in this expression £4 — oo and then assuming D > 1,
2 d+1)7 1

E[Tr (p7)] ~ — (E3)

Comparing Egs. (E1) and (E3), we conclude that D =
Doe™' @, with Dy = (d + 1)/d.

Let us show that, under this correspondence, the relaxation
time of the asymmetry is proportional to ¢4 for subsystems
with €4 < L/2. The relaxation time is defined as the time
t =1* after |]E[As§f)Qp(z:)] —IE[ASX’QP(t — 00)]| e, for
€ < 1. To simplify the calculations, we take first the ther-
modynamic limit L — oo, in which the charged moments are
given by Eq. (D11). In this limit, E[AS{), (1 — 00)] =0, as
follows directly from Eq. (D17). To determine ¢}, we study
the asymptotic behavior of the two terms of the asymmetry
as D — oo. Using Eq. (E2) with o; = 0, we can easily find
the expansion of the average Rényi-2 entropy of p4 around
D = o0 (t = 00),

(d+1)?d%

d* D?
where we eventually assumed ¢4 >> 1. Obtaining from
Eq. (D11), with now «; # 0, the analogous expansion for the
average Rényi-2 entropy of the symmetrized density matrix
f’A,Q,, is more difficult. Yet, in Fig. 3, we check for p = 0 and
p = 1 that the decay of the average asymmetry to zero in the
limit D — oo is well described by

E[S®(p4)] = €alnd — +0MD™"), (E4)

0 1 (d+17ds
E[ASio,] = —5—

This means that the average Rényi-2 entropy of p, , tends
to its D — oo value much faster than that of p,, so that the
relaxation of the asymmetry for £4 < L/2 is dictated by the
latter, as also observed in brickwork circuits when p = 0 [45].
From Eq. (E5), taking D = Dye'¥?, it follows directly that
[: ~ L.

Finally, it is interesting to compare the infinite bond-
dimension expansion of the average Rényi-2 entropy (E4)
with the corresponding infinite-time expansion in brickwork
circuits [45],

(E5)

eA e*ZIU(dH’ZA Ind . (E6)
wt

Ecircuit[S? (Pa)] ~ €alnd —

In this regime, the two expansions are not exactly equal under
the correspondence D = Dye'*@), although they lead to the
same qualitative behavior for the relaxation time.
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FIG. 3. Check of the asymptotic behavior of the asymmetry in a random MPS with d = 2 for large bond dimension D and a subsystem
with £4 < L/2. We parametrize D as D = Dye'*®. In the left panel, we take as charge the magnetization (p = 0), and in the right panel, the
dipole moment (p = 1). Symbols are the exact asymmetry calculated using Eq. (D8). Solid lines are the large-D prediction in Eq. (ES).

APPENDIX F: SQUEEZED FERMIONIC
GAUSSIAN STATES

In this Appendix, we consider another relevant class of
states for which the entanglement asymmetry has been ex-
haustively studied in the case p = 0: the squeezed fermionic
Gaussian states (see Refs. [21,72,75])

T dk Tof
) o exp (— /0 EM(k)nkn_k) 0),

where |0) is the vacuum of the fermionic modes 7y, i.e., i |0)
for all k, and M(k) is an arbitrary and real odd function
of k. For a given M(k), they are ground states of a one-
dimensional, translationally invariant, quadratic Hamiltonian
of the form

(F1)

L
H = Z (A”,m‘c;cm + B‘17m|c;.0jn + h.c.),

I,m=1

(F2)

where ¢ and ¢, are standard creation and annihilation opera-
tors of a spinless fermion at site n of the lattice. The multipole
charge (7) can be expressed in terms of them through the
Jordan-Wigner transformation, and n; = c;c j» which is the
particle-number operator. In the case p = 0, it has been an-
alytically found that, in the thermodynamic limit L — oo and
large subsystems [21,75],

In 270"/ "oy, (F3)

n ~
s =4
where 002 is the variance of the charge 0y in the state (F1).
Let us check whether a similar formula holds for any p-pole
charge.

To this end, we can use the fact that the squeezed states (F1)
are Gaussian, i.e., they satisfy the Wick theorem. In this case,
the charged moments (5) can be calculated using the restric-
tion of the two-point correlation function [119]

Ty =2(cle;) =85, ¢ =(cj.c), (F4)

to the subsystem A, i.e., j, j/ € A, and the formula [19,71]

Z(@) = det[(%) <I+HWI>}, (F5)
=1

where W; = (I + T)(I — ')~ le/®ii+174» and n4,p is a diagonal
matrix whose entries depend on the order p of the charge,
(na,p)2j—-1,2j—1 = —jP and (ns,,)2j,2; = j*. For the squeezed
states (F1), the two-point correlation matrix (F4) has the spe-
cific form in the thermodynamic limit

ro [7Ak - (1= 20(k)
R T 2p(k)

—2p(k)
20(k) — 1)’ (F6)

where 9(k) = (Y| njne [¥) = M(K)?/(1+ M(k)?) is the
density of occupied modes in the state and p(k) =
(Wlnin', 1) = iME)/(1 + M(k)*). When p = 0, both T
and "0 are block Toeplitz matrices, i.e., the nonzero en-
tries in the main diagonal and the parallels to it are periodic
with period 2, due to the translational invariance of both the
squeezed states (F1) and the charge Qo. In that case, Eq. (F3)
can be analytically derived from Eq. (F5) by applying the re-
sults on the asymptotic behavior of the determinants of block
Toeplitz matrices, as shown in Ref. [72]. However, for p # 0,
the charge Qp is no longer translationally invariant, and the
corresponding matrix 74, is not block Toeplitz, preventing us
from applying those techniques here.

Nevertheless, we can still efficiently compute the entangle-
ment asymmetry numerically for p # 0 and large subsystems
using Eq. (F5), and in this way check the validity of Eq. (F3)
in those cases. This is done in Fig. 4, where we represent

the Rényi-2 asymmetry as a function of the variance oj =

(Qf,) — (0,)?. Applying Wick’s theorem, the variance o2 can
be calculated from the two-point correlators with the formula

oy = Tr[N; ,C] = Tr[(CNa »)*1 + Tr[F Ny ,F Ny ). (F7)
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FIG. 4. Rényi-2 entanglement asymmetry as a function of the
variance of the charge Qp for different values of p in the ground state
of the Kitaev chain (see main text). Since this state is Gaussian, the
symbols have been calculated numerically using Eqgs. (F5) and (F7)
for different subsystem sizes and values of the parameters of the Ki-
taev chain 4 and y. Dashed and solid curves correspond to Eqgs. (F3)
and (F10), respectively.

where C”/ = (C C]> F j = (C_,'Cj/), and (NA_p)jj/ = (Sjj/jp,
with j, j € A. Symbols in Fig. 4 have been calculated numer-
ically using Eqgs. (F5) and (F3) for different subsystem sizes
in the ground state of the Kitaev chain, which corresponds to
takinng = h/2,A1 = 1/2, Bl = )//2,A1>1, andBl>1 =0in
the Hamiltonian (F2). For these states,

1 1 h —cosk
v(k) = (F8)
2\/(h — cosk)? + y2sin 7k
and
y sink
pk) = (F9)

2\/(h—cosk)2~|—y sink

Solid curves in Fig. 4 represent the function

AS(Z) —

4.0, (F10)

; In (Snl/(l_”)noﬁ),
for p # 0. The dashed curve corresponds instead to Eq. (F3).
We obtain an excellent agreement, except for the smallest val-
ues of ap , which correspond to subsystems of size £4 ~ 20. In
this case, the subleading corrections in £4 to Eq. (F10) become
more relevant, particularly for larger values of p. The extra
term In2 between Egs. (F3A) and (F10) stems from the fact
that the Z, subgroup {I, ¢<r} is a symmetry of the Gaussian
squeezed state when p = 0, whereas this symmetry is broken
for p > 0.In fact notice that, in terms of fermionic operators,

™0 — o X;€¢) ig the particle-number parity, which is well-
defined in the squeezed states (F1).

APPENDIX G: ENTANGLEMENT ASYMMETRY
OF INHOMOGENEOUS DISCRETE SUBGROUPS

In this Appendix, we study the asymmetry for discrete
subgroups of the U(1) group generated by the multipole mo-
ments. More specifically, we consider the Zy cyclic subgroup

with elements {eiz%éf’ :m=0,1,...,N — 1}. In this case,
the symmetrized density matrix p4 y is obtained from

N—1

n 1 2em A . _i2am

pan =5 > e rpye WO, (G1)
m=0

In general, for discrete groups, the entanglement asymmetry
is bounded by the cardinality of the group, which in this case
is N, as (see Refs. [26] and [120])

AS{\ < InN. (G2)

Let us return to our initial state in Eq. (8) and use it as
an illustrative example. Its Rényi-2 entanglement asymmetry
with respect to the Zy subgroup is

ASOY = —InTr [pf 5] (G3)

mjP
T) (GH

N—1
=1InN —1In Z 1_[ cos? (n

m=0 jeA,

for a subsystem of length ¢4 = L/2. In particular, if we take

=0, we have that AS/(SV — InN in the limit L — oo,
meanmg that the symmetry generated by any subgroup Zy
of the charge Q) is maximally broken. On the other hand, in
the dipole case p = 1, Eq. (G3) gives

InN, N odd,

(2)
ASan = {ln(N/Z), N even, (G5)

when L — oo. Observe that the asymmetry exactly vanishes
for N = 2, which corresponds to the Z, subgroup {/, ei”Q‘}
and is thereby a symmetry of the state (8). In fact, it is easy to
check that (8) is an eigenstate of ¢! for any L. Notice that
the elements of this subgroup correspond to the saddle points
o = 0 and o = 7 in the integral (12). Since this Z, subgroup
is contained in any other larger cyclic subgroup Zy with N
even, the associated asymmetry is not maximal, as we find in
Eq. (G5). On the other hand, the Z, symmetric subgroup is
not a subgroup of Zy when N is odd, and the asymmetry is
maximal for them.

An interesting case is N = L. Setting this in Eq. (G3), we
find that ASy; ~ 1/21InL when p = 0 and L is large. For the
dipole charge, p = 1, we have instead that AS4; ~ InL.

APPENDIX H: EXPLICIT CONSTRUCTION OF THE
SYMMETRIZED STATE FROM A BASIS OF
THE COMMUTANT ALGEBRA

In this Appendix, we present an alternative derivation of
Eq. (52) for the symmetrized density matrix pg with respect
to the commutant algebra C, starting from its definition (40).
To this end, we recall that the commutant algebra C has the
structure, cf. Eq. (38),

¢~ P Ap, ® My, (C)), (H1)
A

where [p, denotes the identity operator acting on the rep-
resentation space of dimension D, and M, (C) stands for
the algebra of complex d, x d, matrices. Therefore the basis
elements of the commutant, which is isomorphic to a direct
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sum of matrix algebras, read

D,

Roji =Y Inij) i j=1p @&},

(H2)

i=1

where the last factor is the matrix of size d; x d, with entry 1
in position (j, j') and zeros elsewhere.

From this result, we can explicitly construct the matrix
K that enters the definition (40) of pg in terms of the struc-
ture constants 7 of the algebra, given by the multiplication
rule X, Xp = ZC T(bep Using Eq. (H2) in this formula and
identifying the indices a = (4, j, j'), b= (u,1,l') and ¢ =
(v, m, m"), we obtain

T(v,m,m’)

iDL = SA,MSA,vaj’,laj,mal’,m“ (H3)

Taking into account that K,;, = Tr(X,X;) = > Lo Tyn and
applying Eq. (H3),

_ (v,m,m’) (p,s,5")
K()\,j,j’)(ﬂ,l,l/) - Z Z T(A,j,j’)(p,s,x’)Eu,l,l’)(v,m.m/)

v,m,m’ p,s,s’

=d38j,16j18 - (H4)

Its inverse K has matrix elements satisfying

Z d)\gj’,l5j,l’(S)L,MIZ(/A,I,I’)(\J,m,m’) = Sk,vaj,mSj’,m’a (HS)
Wl
which allows us to conclude that
_ 1
K(;,L,l,l’)(v,m,m’) - d_Su,,VSI’,mSI,m’- (H6)
A

Let us now insert this expression in the definition (40) of
the symmetrized state pg. We first rewrite the latter as

PS=§ E Koo,
hdod LI

D, Dy

XYY M ) O d P s D) (1] (HT)

i=1 i'=1

Plugging now Eq. (H6) and simplifying, we finally arrive at

D, D,
ps= 3 IS Vi) G S 1D i) G ]
aig r il =1
e
=Y Tre(fpM1) ® T (H8)
A
A

which is consistent with the result found in Eq. (52) of the
main text.
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