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The traditional multichannel Kondo effect takes place when several gapless metallic electronic channels
interact with a localized spin-S impurity, with the number of channels n exceeding the size of the impurity
spin, n > 25, leading to the emergence of non-Fermi liquid impurity behavior at low temperatures. Here, we
show that the effect can be realized even when the electronic degrees of freedom are strongly correlated and
gapped. The system under consideration consists of a single spin—% impurity coupled isotropically to n spin
singlet superconducting channels realized by one-dimensional leads with quasi-long-range superconducting
order. The competition between the Kondo and superconducting fluctuations induces multiple distinct ground
states and boundary phases depending on the relative strengths of the bulk and boundary interactions. Using
the Bethe Ansatz technique, we identify four regimes: an overscreened Kondo phase, a zero-mode phase, a
Yu—Shiba—Rusinov (YSR) phase, and a local-moment phase with an unscreened impurity, each with its own
experimental characteristic. We describe the renormalization-group flow, the excitation spectrum, and the full
impurity thermodynamics in each phase. Remarkably, even in the presence of a bulk mass gap, the boundary
critical behavior in the Kondo phase is governed by the same exponents as in the gapless theory with the
low-energy impurity sector flowing to the SU (2),, Wess—Zumino—Witten (WZW) fixed point, and the impurity
entropy monotonically decreases as a function of temperature. In both the overscreened Kondo and zero-mode
phases, the residual impurity entropy is Simp(T — 0) = In[2cos(rr /(n + 2))]. In the YSR and unscreened
phases, on the other hand, the impurity entropy exhibits nonmonotonic temperature dependence and is effectively

free at low temperatures with Sip, (T — 0) = In 2.
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I. INTRODUCTION

A single quantum impurity can profoundly alter the many-
body properties of a host system, giving rise to emergent
correlated phenomena. The archetypal Kondo effect [1] is a
case in point. Understanding the behavior induced by a local-
ized impurity is of fundamental importance and has been the
subject of extensive theoretical and experimental investigation
across a wide range of quantum materials and model systems.
These include impurities embedded in metallic hosts [2-7],
where the impurity is dynamically screened via the Kondo ef-
fect; superconducting environments, where impurity-induced
bound states and pair breaking phenomena emerge [8—18];
and impurities embedded in other one-dimensional correlated
systems such as Luttinger liquids [19-23], Mott insulators
[24], quantum hall edge channels [25], and spin chains
[26-29]. Of particular interest is the effect of bulk correla-
tions on the overscreened Kondo effect, where a localized
spin is overscreened by multiple channels of conduction
electrons, giving rise to non-Fermi liquid behavior and bound-
ary criticality beyond the Landau paradigm [1,5,30-32].
Although overscreening is traditionally studied in gapless
metallic systems, new features emerge when such impuri-
ties are embedded in gapped superconducting environments
[8-12,17]. Recent cold-atom advances enable engineering of
local moments [33], multicomponent fermions [34-36], and
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tunable one-dimensional superfluid order [37], opening paths
to impurity physics in regimes inaccessible in solids.

Here we study a spin—% impurity coupled via channel-
isotropic spin exchange interaction to the edge of n > 1
one-dimensional gapful superconducting leads. In the absence
of bulk superconducting order, the impurity spin is completely
quenched by the bulk gapless degrees of freedom and is de-
scribed by the Fermi-liquid fixed point for n = 1 [5,30], while
for n > 1, the impurity is overscreened and its low temperatur
behavior is described by an intermediate non—Fermi-liquid
characterized by residual fractional entropy [5,30]. However,
when superconducting correlations are present the compe-
tition between Kondo screening and superconducting order
yields a rich phase diagram exhibiting overscreened Kondo,
intermediate zero-mode, Yu—Shiba—Rusinov (YSR), and local
moment (unscreened) phases, each with its own thermo-
dynamic signature, experimentally accessible. We suggest
experimental setups of non-Fermi-liquid boundary criticality
in a gapped bulk, as in Fig. 1. A single impurity in a single
superconducting lead has already been realized in various
systems [38—41] and superconducting overscreened Kondo
states have been observed experimentally in hybrid quantum
dot—superconductor devices [42].

II. THE MODEL

We consider a single impurity at the edge of n supercon-
ducting wires described by the n-channel chiral Gross-Neveu
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FIG. 1. Experimentally realizable schematic of n superconduct-
ing leads coupled (shown in red) isotropically via the Kondo
exchange J to a single spin-% impurity (shown in green). Dashed
lines indicate impurity—lead coupling, while braces labeled g denote
attractive spin-density-spin-density interactions between electrons of
opposite chiralities.

model [43]. The Hamiltonian of the model takes the form

0
H= / dx|:—i Z (lﬂja,+3x¢m,+ - Wr)raﬁ—aﬂpra,—)
-L r=1

o=1.]
+ 2g Z era,Jr(a‘)Opl/frp,er:/gg_(6)0’,0’15”#,0’,7
rr'=1,...,n
a,0'.p,0' =1}

+ 2J 6(x)¢:g,_(a)(ra’wra’,+ : §:| ) (1)

r=lI1,..., n

o.0'=1
where we denote the flavorby r =1, ..., n,spinbyo =1, |,

and chirality by +. The first term in the Hamiltonian is the
kinetic energy of the chiral fermions, the second term is an
attractive spin-density-spin-density interaction of strength g
coupling opposite chiralities in the bulk, and the last term
is the boundary Kondo exchange at x = 0 with coupling J
that flips chiralities at the edge and couples to the impurity
spin S. When g = 0, the model reduces to the familiar inte-
grable multichannel Kondo problem studied via Bethe Ansatz
in Refs. [5,30] and via boundary conformal field theory in
Refs. [44,45]. Here, we provide an exact Bethe Ansatz so-
lution of the model over all energy scales, establishing the
full phase diagram when both the bulk coupling g and the
boundary coupling J are nonvanishing, generalizing the single
channel solution [11,16]. The thermodynamic Bethe Ansatz
framework needed to treat impurity thermodynamics in the
presence of bulk interaction was developed in Ref. [16] for a
single-channel superconducting wire (and in Ref. [29] for an
impurity in a spin chain). Here we extend that approach to the
n-channel case. We show that the n-channel model exhibits
additional phases that are absent in the single-channel case

[16], and that its low temperature behavior depends on the
phase. In particular, in the Kondo phase, the low temperature
impurity thermodynamics is not Fermi-liquid-like as in the
single channel case, but is characterized by fractional critical
exponents, surprisingly the same exponents as for noninteract-
ing bulk. For a complete picture, we combine the exact solu-
tion with conformal field theory and perturbative RG analysis.

Related studies of the multichannel Kondo problem in
superconducting environments, focusing on explicit BCS pair-
ing rather than an interacting Gross—Neveu bulk, were carried
out in Refs. [7,46]. We restrict the comparison with these stud-
ies to a qualitative level: while they share several qualitative
features with our results, such as, nonmonotonic impurity en-
tropy, the appearance of YSR subgap modes, and regimes with
an unscreened local moment, in our Gross—Neveu setting the
bulk mass and the boundary Kondo scale are both governed by
RG flow, and their competition can stabilize a bona fide Kondo
boundary phase with fractional entropy down to zero temper-
ature, whereas in BCS-based treatments Kondo correlations
are more commonly discussed as a crossover that is ultimately
cut off by the superconducting gap at the temperatures lower
than the mass gap as discussed in Ref. [46]. These differences
are expected as already at the single-channel level the phase
diagram of the impurity embedded in two baths differ: in BCS
with a single magnetic impurity the YSR regimes typically
span the full parameter space, whereas for a strongly interact-
ing bulk described by the Gross—Neveu model one finds not
only YSR regimes but also a stable Kondo boundary phase
and a distinct local-moment phase Refs. [11,16].

III. PERTURBATIVE ANALYSIS

Before presenting an exact nonperturbative solution of the
model using the Bethe Ansatz method, we briefly discuss
the perturbative analysis of the model. The spin part of the
bulk UV effective Hamiltonian density contains the SU (2),
WZW kinetic term [31,47], proportional in Sugawara form
to JAJf + T Ty [48], perturbed in the bulk by the Gross—
Neveu term gJ/ (x)J¢(x) coupling left- and right-moving
spin currents with scaling dimension Ay = 2, and at x = 0 by
the Kondo term J(J/(0) + J¢ 0)Sitnp coupling the total bulk
spin current to the impurity with scaling dimension A = 1.

Consider the bulk interaction: although gapless in the UV,
the coupling g flows to strong coupling via the RG equa-
tion dffM = —gz, since J;' Jx has scaling dimension Ag = 2,
the beta function vanishes at the tree level, whereas its one-
loop OPE yields a logarithmic divergence [49]. With g(uo) =
8o, the coupling diverges at In(ut /o) = —1/g0, producing via
dimensional transmutation a gap m = pe~ /% in the IR. The
bulk density of states is then p(E) = ﬁ, typical for a
gapped superconductor.

For g =0, the boundary Kondo operator J(t)Si,, has
scaling dimension Ag =1 in 1D, giving a vanishing tree-
level beta function. At one loop, the boundary current—spin
OPE yields dJ/d1Inpu = —J?, and at two loops, successive
insertions add (n/2)J3, giving dJ/dInu = —J* + (n/2)J° +
O(J*). This predicts an intermediate fixed point J* = 2/n,
valid for n > 1, describing the overscreened multichannel
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Kondo model with residual entropy Simp = In[2cos(/
(n + 2))]. For small n, this fixed point is spurious; in particu-
lar, for n = 1 the flow is to the strong-coupling Fermi-liquid
limit with the impurity fully screened and Si,p = 0.

With bulk interaction g, the boundary Kondo operator ac-
quires an anomalous dimension, modifying the RG flow. In
our cutoff scheme, its UV scaling dimension Ag = 1 shifts to
As =1+g, yielding ZB,(J) = —J* + gJ, so the bulk term
contributes positively and tends to unscreen the impurity
[50]. Before presenting the exact solution, we first exam-
ine the implications of the boundary coupling one-loop B
function, % B,(J) = —J?+ gJ. When g <« J, the B function
is negative, indicating that the coupling flows away from
the unstable weak-coupling fixed point. Since g is small
compared to the boundary cutoff scale, the renormalization
group (RG) flow is expected to approach the same infrared
(IR) fixed point as the conventional multichannel Kondo
model. In this limit, the impurity becomes overscreened, and
the residual impurity entropy assumes the universal frac-
tional value Simp = In[2 cos(rr /(n + 2))], characteristic of the
overscreened Kondo fixed point described by the SU(2),
Wess—Zumino—Witten (WZW) boundary conformal field the-
ory (bCFT) even though the model is gapped in the IR.

In contrast, when J « g, the 8 function reverses sign
and becomes positive, implying that the effective bound-
ary coupling turns ferromagnetic and hence irrelevant in
the RG sense. Consequently, the system flows to a stable
local-moment fixed point where the impurity spin remains
asymptotically free, with a residual entropy Simp = In 2 at zero
temperature.

We now present the Bethe Ansatz solution, which allows
us to verify the above renormalization-group predictions by
solving the model exactly at all energy scales. The analy-
sis reveals that the interplay between the Kondo coupling J
and the superconducting pairing strength g gives rise to four
distinct boundary phases. For g < J, where B,(J) < 0, the
impurity is screened by gapped multiparticle fermionic exci-
tations. For g > J, where B,(J) > 0, bulk superconductivity
dominates and the impurity remains unscreened. Remarkably,
in the intermediate regime g ~ J, two additional boundary
phases emerge, characterized by localized bound modes near
the impurity—analogous to Yu—Shiba—Rusinov (YSR) states
in a BCS superconductor [8—10].

IV. EXACT SOLUTION

We turn to the full nonperturbative solution of the
model. Imposing open boundary conditions on an interval
L,y (—L)=—¢¥_(—L) and ¥ (0) = —_(0), we carry out
the procedure of “dynamical fusion” of flavor strings in the
Bethe Ansatz equations. These in turn fuse the field opera-
tors into the highest spin composites [5,51-54]. Using this
approach, we write down the Bethe Ansatz equations of
Hamiltonian Eq. (1):

o2 b+ vA, +l
Tt @

a=1v=%

where the spin rapidities A, satisfy

. N
H(Aa+vd+é><)»a+vb+i§)
I\ he +vd =1 J\ho +vb—i%
_Hxa—xﬁ+i,\a+xﬁ+i
S = —ihg A =i

3
pita

where M dictates the total z—component of the given state
via §¢ = XL _ M. Having solved the equations and obtained
the allowed values of momenta k; the energy of the eigenstate
is given by E = Z?’:l kj. As the spectrum is linear, a cutoff
D needs to be introduced, requiring —D > k;, to render the
energy finite. The renormalized theory is then obtained in the
scaling limit when D — —oo while adjusting the “running”
couplings g(D), J(D) so as to hold fixed all physical quantities
such as the spinon mass or the Kondo scale (see below).

In the Bethe Ansatz equations (3), the parameter d =
d(J,g) = Vb* — %’ — 1 € RUIR depends on the bulk cou-
pling constant g and the boundary coupling constant J through

. . 4—02
parametrization b = ~g& 5 and ¢ = 1 2
T

g are RG running coupling constants, the parameter d is an
RG-invariant parameter which we use below to characterize
the various phases of the Hamiltonian. The phase diagram
expressed in terms of d, is illustrated in Fig. 2. We note
that when the bulk parameter g — 0, the Bethe Ansatz equa-
tions reduce to those of the multichannel Kondo model studied
in Refs. [5,30] and when the boundary parameter J — 0, we
recover the Bethe Ansatz equations of the SU(2) x SU(f)
Gross-Neveu model studied in Ref. [53].

The ground state is formed from length-n string so-
lutions of the Bethe Ansatz equations, each of the form
[5,30,51,52,54]

n} “

with A, € R. Solving the Bethe Ansatz equations, we find
that the Kondo coupling flows to an intermediate attractive
fixed point, where the impurity is overscreened by the bulk.
This conclusion is verified by explicitly computing the im-
purity thermodynamic quantities and the associated critical
exponents, which confirm the non-Fermi-liquid character of
this intermediate fixed point.

A complete characterization of the boundary phases is
achieved by classifying the solutions of the Bethe Ansatz
equations with fixed particle number N per flavor so that
the total number of particles is nN (we choose N even).
Studying the excitations above the ground state, we find that
a bulk gap opens corresponding to the spinon mass, given
by m = De ™ — De™7/?¢_ in the scaling limit. This scale
is the same in all phases. On the other hand, the structure
of the Bethe Ansatz equations (3) depends on the value of
the RG-invariant parameter d, and consequently, the boundary
phases are determined by its value. As we vary d, the model
undergoes an eigenstate phase transition, manifested in the
reorganization of the total spectrum into distinct numbers of
towers of eigenstates: a single tower in the Kondo phase,
two or three in the zero-mode phase, and three in both the
Yu—Shiba—Rusinov (YSR) and local-moment phases as shown

(Y

i . .
j j=l:{Aa—i_i(n—i_l_z])‘]:l!""
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FIG. 2. Phase diagram of the n-channel superconducting model with a spin—% boundary impurity and even bulk particle number N per
flavor. The horizontal axis represents the RG-invariant parameter d(J, g), real for d > 0 and purely imaginary d = i§ with § > 0 to the right.
Forreald or0 < § < % (Kondo phase), the impurity is overscreened by a multiparticle cloud, and the spectrum consists of a single continuous
tower of eigenstates built upon the overscreened ground state. For % < § < 1 (zero-mode phase I), the emergence of a purely imaginary
boundary root X, splits the spectrum into two distinct towers corresponding to configurations where the boundary mode is unoccupied or
occupied. For 1 < § < 5 (zero-mode phase II), higher-order boundary strings )»f;f’g =i+l withé=1,...,pand p= [+ %J appear,
producing three towers of excitations. For 5 < & < 4 + 1 (YSR phase), a quantum phase transition occurs: the impurity becomes unscreened
in the ground state, the bound state acquires finite energy, and screening occurs only in the excited sector. Three towers persist, but some are
lifted in energy due to hybridization with mid-gap states; the nature of this lifting differs between YSR Phase I (5 <8 < 5 + %) and YSR
Phase IT (5 + % <8 < 4+ 1).Ford > § + 1, screening is impossible at any scale, and the system resides in the local moment phase, where

the impurity spin remains asymptotically free, and the three towers persist as asymptotically decoupled excitation sectors.

recently in Refs. [16,29]. By solving the Bethe Ansatz equa-
tions across the full range of d, we obtain the complete phase
diagram and compute the corresponding impurity thermody-
namic quantities. The main findings are as follows. In both the
Kondo and zero-mode phases, the impurity is overscreened at
low temperatures, and the residual impurity entropy at zero
temperature iS Siyp(T — 0) = In[2 cos(r /(n + 2))]. In con-
trast, in the YSR and unscreened phases, the impurity entropy
approaches In 2 in both the zero- and high-temperature lim-
its. In these regimes, intermediate-temperature features arise
from boundary string excitations that become thermally active
when T is comparable to their characteristic energy Ejs. The
impurity entropy varies monotonically with temperature in
the Kondo phase, as in the conventional multichannel Kondo
effect, while in the other three phases it can display nonmono-
tonic behavior.

This quantitative change in thermodynamics originates
from a phenomenon we refer to as an eigenstate phase tran-
sition, in which the Hilbert space reorganizes into a different
number of excitation towers as the impurity parameter § is
varied. Each phase can thus be identified by the structure and
multiplicity of its eigenstate towers. In the Kondo phase
0O<é< %), there is a single continuous tower of
excitations built upon the overscreened ground state. In
the zero-mode phase I (% < 8 < 1), the emergence of a
purely imaginary boundary root A, splits the spectrum into
two towers corresponding to the unoccupied and occupied
boundary-mode configurations. In the zero-mode phase II

(1 <8 < %), higher-order boundary strings Ay, = As + if

with £=1,...,p and p= [§ + %J appear, giving rise to
three distinct towers of excitations. Across the transition into
the YSR regime (5 <& < 5+ 1), the impurity becomes
unscreened in the ground state while the bound-state
excitation acquires a finite subgap energy. The three towers
persist but are lifted relative to one another due to the
hybridization between the impurity and the mid-gap states.
The pattern of this lifting differs between the YSR phase I
and YSR phase II, reflecting the internal rearrangement of
the boundary spectrum. For § > 7 + 1, in the local-moment
phase, screening ceases to operate at any scale, and the three
towers remain as asymptotically decoupled excitations corre-
sponding to the free impurity spin and the bulk quasiparticles.

A. The overscreened Kondo phase

For d real or purely imaginary, d = i§ with § € (0, %)
corresponding to J 3> g. As indicated by the perturbative one-
loop beta function

4 2

B =—T"+gl, )
the beta function of the boundary coupling J is negative,
signaling that the weak-coupling fixed point is unstable and
the Hamiltonian flows away from it under renormalization.
The perturbative RG analysis alone does not determine the
ultimate fixed point; however, the exact Bethe Ansatz so-
lution shows that the flow terminates at an intermediate,
non-Fermi-liquid fixed point. Around this fixed point, the im-
purity is overscreened by a multiparticle cloud of gapped bulk
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FIG. 3. Representative 1,(1) functions for small string indices p in the two-channel (n = 2) and three-channel (n = 3) Gross—Neveu
models. In both cases, 1,(A) decreases monotonically with increasing p, and the sequence terminates at the channel number, such that
Np=n(A) — 0. This behavior reflects the exact truncation of the n-string hierarchy at p = n, characteristic of the n-channel impurity problem.

quasiparticles, with the screening characterized by a Kondo
scale Tx = f(d)m with f(d) being a function of the RG-
invariant parameter d (see Appendix C). Deep in the Kondo
phase, for d > 1 we have f(d) — ™ with the scale taking
its canonical form Tx = De~"//. Over most of the Kondo
phase Tx > 2m, with the Kondo scale dominating over the
bulk superconducting gap.

The Kondo scale determines the thermodynamics of the
impurity in the Kondo phase. For T < Tx the impurity is
overscreened, while for T > Tk it is asymptotically free. This
overscreening mechanism parallels that of the conventional
multichannel Kondo effect with gapless conduction electrons,
but here it arises in a superconducting environment with a
finite bulk gap where the overscreening cloud is formed by
gapped bulk quasiparticles.

The crossover between the asymptotically free impurity at
high temperatures and the overscreened impurity at low tem-
peratures requires the solution of the thermodynamic Bethe
Ansatz (TBA) equations. These equations take the following
form [5,53]:

m
In (1) = == cosh(2)8, + > GIn[l 4yl (6)
v==%1

where

Gf(x) = /dﬂmf(ll«)- @)

To close these equations, we need to supply boundary condi-
tions at p — oo, which gives a new relation

H
plgrgo{[p + 1 In(l + n,(w)) — [p1In(1 + npi1 (1))} = 7

®)

where [p] is an integral kernel =~ (prr /2)[(pr /2)* + 2],

and H is the applied global magnetic field. Moreover, we
choose the boundary conditions at 0 as ny(A) = 0.

These thermodynamic Bethe Ansatz equations are identi-
cal in all four phases of the model, but the specific form of the
functions 7,(T, ) depends on the number of channels n. For

n = 2 and 3, several representative n,(T, A) withp=1,...,5
are shown in Fig. 3. Although the equations themselves do
not change across phases, the way in which the impurity free
energy is composed from 7, differs between phases, leading
to distinct thermodynamic behavior.

The impurity part of the free energy in the overscreened
Kondo phase (derived following the method discussed in
Ref. [16]) is

- _ 0 T _Ind+m@)
flmp—]:iomp D) /d)»; 2coshm(A + vd)’ ®

The TBA equations [Eq. (6), with the boundary conditions
no(A) = 0 and Eq. (8)] involve the mass scale m explicitly, so
no closed-form solution exists at arbitrary temperature 7'; one
must therefore solve them numerically (cf. Ref. [55]). How-
ever in the two asymptotic limits (77 — 0 and T — 00), the
factor (m/T ) cosh(sr A) either vanishes or diverges, making all
1n,() independent of A and greatly simplifying the recursion
relation, allowing us to obtain analytic results.

In the absence of an applied magnetic field, consider first
the high temperature regime: when 7' — oo, m/T — 0 and
the driving term vanishes, such that the recursion relation
Eq. (6) becomes completely homogeneous, which leads to a
simple solution of the form

Mgy = P+ 1> —1, p=12,... (10)

Since eaqh Mp(r - o0) i.s cons.tant inA, subsFituti.ng into Eq. (9),
one obtains that the impurity entropy at infinite temperature
approaches

Simp(T — 00) = 1 In(1 + Ny (7o) =2, (1)

which shows that the impurity is unscreened, indicating the
theory is asymptotically free in the UV, as we already ob-
served from the RG flows.

Conversely, in the zero-temperature limit 7 — 0, the fac-
tor (m/T)cosh(m 1) diverges and forces 1, (A) = 0. For each
level p < n, the recursion relation Eq. (6) then reduces
to Inn, = %ln(l + 1p-1) + %ln(l + np+1), whose unique
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FIG. 4. Impurity entropy Siy, in the overscreened Kondo phase as a function of the universal scaling variable T /m. (a) Representative
behavior of the impurity entropy for the six-channel superconducting bulk. Colors denote the RG-invariant parameter d, demonstrating the
universal scaling relation Siynp = Simp(d, T /m), which takes the value Sinp(T — 0) = In(v/2 + \f2) as T approaches zero and asymptotically
reaches to i, (T — 00) = In2 at infinite temperature. (b) For the representative impurity parameter d = 0.25, Sinp(T') is shown for different
numbers of superconducting channels n, exhibiting the crossover from Sy, (0) = In[2 cos(-Z5)] to Simp(00) = In 2.

solution is

sin? (1221
huall e b A =1,....n—1.
o = | O G) ! T )
2
(p+1—n)y—-1, p=mn,...

Once again from Eq. (9), we find that for constant n;(}1), we
obtain Sy = % In(1 + n1(r_)) which leads to

12>>'

This shows that the system flows to the overscreened
n-channel Kondo fixed point, exhibiting non-Fermi-liquid be-
havior with residual impurity entropy

Simp(T — 0) =1In <2 cos (n (13)

b4
Simp(T =0) =Ing, g=2cos (m) nzl1, (14)
corresponding to a noninteger ground state degeneracy. This
matches the logarithmic quantum dimension of the spin-j
primary in the SU(2), WZW conformal field theory. The
modular S-matrix element

2 . ((+ D
(S - 15
(.71 n+28m( n+2 ) (15)
yields the impurity entropy as Simp = ln(y [31,56]. The

[0.0]
impurity provides a boundary condition labeled by a rep-

resentation of SU(2),, and the IR theory supports chiral
parafermionic operators with non-Abelian fusion rules.

Remarkably, these topological features—and the associ-
ated breakdown of Fermi-liquid behavior—persist even when
bulk interactions are present (g # 0) and a gap opens in the
bulk. The critical exponents remain

4

o=——"",
2+n

Simag = g, Vi > 2, (16)

n+2

demonstrating the robustness of fractionalized impurity de-
grees of freedom governed by the same CFT fusion algebra
despite bulk perturbations.

Having identified the two boundary RG fixed points—the
UV limit where the impurity decouples from the bulk and the
IR limit where it is overscreened by gapped bulk quasiparti-
cles, yielding non-Fermi-liquid behavior with a finite residual
impurity entropy—we now turn to the crossover between
these regimes. To quantify this interpolation, we compute
the temperature-dependent impurity entropy by numerically
solving the (TBA) equations. Representative results for n =
6 are shown in Fig. 4(a). For d = 0.25, Fig. 4(b) displays
the impurity entropy for n-channel systems with n € [2, 6].
From the form of the TBA equations Eq. (6) and hence from
Fig. 4, it is evident that the impurity entropy Simp(d, 7) is
a universal function of the scaling variable m/T (and the
RG-invariant parameter d). Note that the impurity entropy is
a monotonic function of temperature, which smoothly grows
from Simp = In(2 cos(n”ﬁ)) atT =0toIn2 at T = oo for any
n and parameter d either real or purely imaginary d = i§ with
0<8 <1

After our discussion of the Kondo phase, we proceed to
discuss the remaining three phases and briefly outline their
ground-state properties. In the Kondo phase, as mentioned
earlier, all the solutions of the Bethe Ansatz equations take
the form of the string solution explicitly written in Eq. (4).
However, as 8 increases beyond 1, the Bethe Ansatz equa-
tions admit a new type of purely imaginary solution of the
form Ay = i(6 — %) often called boundary string solution in
the literature [11,17,57-59]. Apart from this fundamental
boundary string solution, there are also higher order bound-
ary string solutions of the form )»fs” e) = As + il with £ =

I,...,pand p=|[§ + %J (where |-] is the floor function)
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depending on the value of the parameter § [16,29]. As the
RG-invariant parameter § varies in this system, the excita-
tion described by the boundary-string solution fundamentally
changes, which gives rise to distinct ground state behaviors
and reveals additional phases. This very solution also compli-
cates the thermodynamic Bethe Ansatz analysis because the
Hilbert space splits into different towers [16,29]. Thus, for
all remaining three phases, we explain the structure of the
eigenstate towers, and then we perform the thermodynamic
Bethe Ansatz analysis by summing over the tower structure
by generalizing the tower summed method recently developed
in Refs. [16,29].

B. The zero-mode phase

When the RG-invariant parameter § is in the range
n

% < § < 3, the impurity lies in the zero-mode phase. In this
phase, g 5 J, the strength of the boundary Kondo coupling
and the bulk superconducting coupling starts to become com-
parable. As a result, while the impurity remains screened by
the Kondo effect, as in the overscreened phase, the bulk su-
perconducting order stabilizes a subgap excitation. However,
unlike the conventional finite mass YSR bound state, this exci-
tation has vanishing energy in the thermodynamic limit. The
ground state is still composed of n-strings, and the impurity
remains overscreened by a Kondo multiparticle cloud, similar
to the overscreened Kondo phase described above. However,
the uniqueness of this phase is characterized by the existence
of a boundary string solution A5 = i(§ — %), which gives rise
to a subgap zero-energy excitation. This subgap excitation
is constructed by adding an (n — 1)-string solution and the
boundary string solution on top of the n-string sea. This ex-
citation has exactly vanishing energy in the thermodynamic
limit, distinguishing it from other phases.

Unlike in the Kondo phase, where the absence of a bound-
ary string yields a single, continuous tower of eigenstates
constructed upon the overscreened ground state, the existence
of a purely imaginary boundary string A; and higher-order
boundary roots in the zero-mode phase divides the spectrum
into two or three separate towers. The number of towers
depends on the value of the impurity parameter é. For zero-
mode phase | (% < § < 1), there are two towers corresponding
respectively to configurations where the boundary mode is
unoccupied or occupied, whereas for zero-mode phase II

(1 <8 < 3), higher order boundary strings of the form )L(({’Z =

As+ il with¢=1,...,pand p= |8+ 1] (where |-] is the
floor function) are present such that there are three towers of
excitations. Note that the entire zero-mode regime is absent in
the single-channel case of Ref. [16]. Moreover, for n = 2, the
interval 1 < § < n/2 ceases to exist and only the zero mode
I phase with two towers of excitation (% < 6 < 1) occurs;
for n > 3, both the zero mode I phase with two towers(for
parametric range % < 8 < 1) and zero mode phase with three
towers (for parametric range 1 < § < 3) are present.

Let us first focus on the zero-mode phase I (% <d<1l1),
where the first tower is spanned by the usual bulk string
solutions given in Eq. (4) that contains a total of three-quarters
of the states in the total Hilbert space, forming the tower 7.
The second tower, denoted by 75, comprises the boundary
string solution s together with the associated bulk string

configuration, thereby accounting for the remaining quarter
of the total states. Together, the two towers 7; and 7 span the
full Hilbert space in this phase. Then, the impurity contribu-
tion to the free energy is expressed as the combined tower sum
of the two sectors, given by

e Phm — ¢ ﬂF':":] +e ﬂF"("?), (17)
where,
T
T _ Fm-—/de: 7 In[14+n®)]
tmp 1P cosh (A+iv(s — —))]
In[1+ ()]
F7?) — / _ 18
mp Z ~ cosh(m (1 + ivd))’ (18)

Since the dressed energy of the boundary string As vanishes,
none of the towers are lifted in energy. Using Eq. (10), one
readily finds that the infinite-temperature impurity entropy

contribution due to tower 7; is Sf}:’l;)(T — 00) =1In 3 while

the corresponding contribution due to tower 75 is Sf;?(T —

o0) =In % Consequently, the total impurity entropy at infinite
temperature is Simp(7 — 00) = In2, as expected. Likewise,
using Eq. (12), one immediately obtains the zero-temperature
contribution to the impurity entropy due to each tower for
n>2as

—1In (2 cos( +2)) n=2,
STNT — 0) = ) (19)
imp 4 cos (ﬁ)—l
n(SEEy) 1>
and
ST — 0) = <2 cos <n :Tr 2)) (20)

Thus it follows from Eq. (17), that the zero temperature en-
tropy of the impurity is

2
Ti
Simp(T — 0) = 1n (Z eSi(mp](T—>())) —In (2 cos - :T_ 2>’

i=1

2y

just as in the Kondo phase. We shall return to a detailed
discussion of this result later. For now, we emphasize that it
is highly nontrivial: in contrast to the Kondo phase, where
the excited eigenstates are organized within a single tower,
the present regime features two distinct towers of excitations.
The free energy receives separate contributions from these two
sectors, each taking a different analytic form. Remarkably,
when their contributions are combined with the appropriate
statistical weights, the total free energy reproduces the charac-
teristic result of the multichannel Kondo effect—namely, the
fractional residual impurity entropy at zero temperature.

‘We shall now discuss the structure of the Hilbert space and
the associated impurity thermodynamics for the zero-mode
phase II (1 < 4§ < g). In this case, as mentioned earlier, there
are three distinct towers of excitations when § > 1. As be-
fore, 7| contains only the usual bulk string solutions given
by Eq. (4), whereas the tower 7, contains the fundamental
boundary string solution A; and the allowed string configura-
tions. Finally, the third tower 73 contains both the fundamental
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string solutions A; and higher order strings solution A5 + if,
where £ =1,...,pand p= |6 + %J. The dressed energies
of all the boundary string solutions, the fundamental and the
higher order ones, vanish in the thermodynamic limit in this
regime. Appropriately summing over the eigenstates in each
tower following the methods developed in Ref. [16], when
8 > 1, the free energy contribution due to each tower is given
by

an _ I In(1 + n12541(1))
Fimp” = Z/ |:cosh (r + 225 — 125))))
_ In(1 + 725 (1))
cosh (7‘[ (A + %(LZ(SJ +1— 28))):| (22a)

In(1 + n25;-1 (X))
L jf —
imp Z |:cosh )» + 2 (26 — 28] )))

_ In(1 4 nj2s)2(2))
cosh (7 (A + % (28] + 1 —29)))

(T _ n (1 + np2s (V)
Fimp = 2/ |:cosh(7r (A + 2(125] + 1 —28)))

In(1 + 1125)-1(X))
cosh ( ( + (25 — [251])))

(22b)

(22¢)

so that using Eq. (10), it is immediate to compute

Ti 28|42 2 25]—1
S (T — 00) = In(151),  SI7(T — 00) = (247,

anZf)(T — 00) = —In([28](|28] + 1)). The total impurity
entropy at infinite temperature is then Sin,(T — 00) =
In Zie mp (T —00) _ =1In2 as expected. Whereas the value as
T — 0 can be analytically obtained from Eq. (12) as
o ((128]+2)m
(T)(T - 0) (Sln ( n+2 ))
1mp (284D )
sin ( n+2 )
- ((128]=Dm
S(Tz)(T — O) (sm ( n+2 ))

sin (12

sin (128]+Dm sin 28]
Sl(ng)(T N 0) ( ( ns-i-;2 ()7.[ )( n+2 )>’ (23)
n+2

such that the total impurity entropy, regardless of the value of
the RG-invariant parameter in the range 1 < § < 75, is

3
Ti
Simp(T — 0) =1In (; eS;'"P)(T_)O)> =1In <2 cos . _T_ 2>,

(24)

which coincides exactly with the residual impurity entropy of
the overscreened n-channel Kondo fixed point in the conven-
tional multichannel Kondo problem.

We pause here to emphasize that this is a highly nontrivial
result. The emergence of a Kondo-like screening structure in
this context is far from obvious. It arises from a subtle and
unexpected interplay between distinct spectral towers, each
obeying its own thermodynamic equation for the impurity

entropy. Individually, none of these towers reproduces the
characteristic behavior of the conventional overscreened n-
channel Kondo fixed point. However, when their contributions
are combined, they conspire to produce exactly the same uni-

versal entropy,
b4
n <2 cos > , (25)
n+2

as that of the overscreened n-channel Kondo problem, remark-
ably, even though the present model possesses a finite spectral
gap in the spin sector.

Thus, in the zero-mode phase I, i.e., in the parametric
regime % < 8§ < 1, the impurity entropy originates from the
interplay of two such spectral towers. Whereas in the zero-
mode phase II, which lies in the parametric range 1 < § < 2,
three towers contribute to the impurity entropy, yet their com-
bined effect again yields precisely the same residual entropy
as in the gapless multichannel Kondo fixed point. This near-
miraculous cancellation underscores the deep universality of
the underlying screening mechanism, which transcends the
presence or absence of spin-sector gaplessness when the com-
petition between the boundary Kondo scale subtly dominates
over the bulk superconductivity, thereby giving rise to this
unique zero-mode phase.

Apart from the limiting cases T = 0 and T = oo, obtaining
the impurity entropy in closed analytical form is generally
intractable. We therefore compute it numerically by solving
the TBA equations. Figure 5(a) presents representative results
for the impurity entropy in the four-channel case, plotted as a
function of temperature for various values of the RG-invariant
parameter 8. Specifically, we show § = 0.6 and 0.9, corre-
sponding to the regime with two excitation towers, where the
respective free-energy contributions are given by Egs. (19)
and (20), and § = 1.35 and 1.75, where three excitation towers
are present and the corresponding free-energy contributions
follow Eq. (22). As seen in Fig. 5(a), for values of § in
the zero-mode regime close to the YSR phase, the impurity
entropy can exhibit a nonmonotonic dependence on tempera-
ture, in contrast to the Kondo phase where it remains strictly
monotonic. Due to the presence of a zero-energy subgap state,
thermal activation of this mode, together with the smooth
entropy crossover from the overscreened regime at low tem-
peratures to the unscreened regime at high temperatures, can
lead to a nonmonotonic temperature dependence of the impu-
rity entropy. In particular, within certain parameter ranges of
the zero-mode phase, the impurity entropy may even exceed
the free-moment value of In2. Such an effect, where the
impurity entropy surpasses In 2, has already been observed in
the single-channel case in regimes exhibiting boundary exci-
tations. In Fig. 5(b), we show results for § = 0.75, illustrating
the evolution of the impurity entropy with the number of
superconducting leads in the bulk. Since § = 0.75 < 1, this
regime involves only two excitation towers.

Simp(T — 0) =

C. The YSR regimes

As § further increases, the bulk superconducting order
begins to dominate over the Kondo scale. A quantum phase
transition occurs at § = 2, which is a first-order transition

that corresponds to a boundary level reconfiguration: the
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FIG. 5. Impurity entropy Siy, in the zero-mode phase as a function of the universal scaling variable T /m. (a) Representative behavior of
the impurity entropy for the four-channel superconducting bulk. Colors denote the RG-invariant parameter d, demonstrating the universal
scaling relation Simp = Simp(d, T /m), which takes the value Sin,(T — 0) = In+/3 as T approaches zero and asymptotically reaches to
Simp(T' — 00) = In2 at infinite temperature. When § = 0.6 and 0.9, the model is in the zero-mode phase I where there are two towers and
hence the impurity is computed from the sum of two towers given by the free energies in Egs. (19) and (20), whereas for § = 1.35 and 1.75,
the model is in the zero-mode phase II where there are three towers and the free energy contributions from the three towers given in Eq. (22)
are used to compute the impurity entropy. (b) For the representative impurity parameter § = 0.75, Simp(7') is shown for different numbers of
In[2 cos(ni+2 )] t0 Simp(00) =

superconducting channels 7, exhibiting the crossover from Sy, (0) = In 2. Here, since § < 1, the impurity entropy

comes from the combined contribution of two towers.

screened zero-mode ceases to be part of the ground state (it
becomes a finite-energy subgap excitation). For values of §
in the range 5 < § < 5 + 1, the system enters the YSR phase
where the impurity remains unscreened in the ground state,
while the excitation described by the fundamental bound-
ary string As becomes a mid-gap bound state with energy
E=m(l- cos(n(% —6))). Thus one of the characteristic
features of this phase is that while the impurity is unscreened
in the ground state, it is screened by this single-particle bound
mode in the mid-gap state, which is constructed by adding
the boundary string solution and one (n — 1)-string solution

J

of the Bethe Ansatz equations. In the YSR regime, there
exist three distinct towers of eigenstates in total, as mentioned
earlier. However, the detailed structure of these towers differs
between the parameter ranges 5 < § < % and 1 < § <
% + 1. For clarity, we refer to the former as the YSR I regime
and the latter as the YSR II regime. In particular, due to
the presence of massive boundary strings, certain eigenstate
towers are lifted in energy. This lifting differs between the
YSR I and YSR Il regimes. The impurity entropy contribution
from each tower in both regimes can be succinctly expressed
as

o T Z/ In(1 + n2541 (1)) _
Fimp cosh (7 (A + 228 — [25))))

In(1 + 1y26) (1))
cosh (7 (1 + 2([28] +1—28))) |’

In(1 + nj2s5;—2(2))

T _ Z/ In(1 + n2sj—1(1)) _
1mp COSh )L + & (25 124] )))

In(1 + 1126 (1))

T
cosh (7 (A 4+ 2([28] + 1 — 23)))} tE

In(1 + n2s-1(1))

T _ /
mp Z |:cosh

In the YSR I regime, both E;> and E;" coincide with the
energy of the fundamental boundary string, E;. In contrast,
within the YSR II regime, one finds E 57-2 = Es5 while E 57—‘ =0.
Just as in the portion of the zero-mode phase with 1 < § < 7,
one can verify from Eq. (10) that the total impurity en-
tropy in the infinite-temperature limit, obtained from Eq. (26),

(A + 2(128] +1—28)))

T
cosh (m (A + 228 — L25J)))} +E§°. (26)

(

approaches In2 in the entire YSR regime 5 <& < 5 +1,
indicating that the impurity becomes asymptotically free, as
expected.

At zero temperature, however, the situation differs qual-
itatively from the previous regimes. Since not all towers

start from the same reference energy, they contribute to the
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— 6=1.65
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—

10° 102

T/Im

FIG. 6. Impurity entropy for the representative two-channel case
(n = 2) plotted as a function of temperature for various values of § in
the YSR I and YSR Il regimes. The impurity entropy approaches In 2
in both the T — 0 and T — oo limits, but exhibits nonmonotonic
overshoots or undershoots at intermediate temperatures due to the
presence of mid-gap YSR states, which become thermally activated
only when T ~ Ej.

102

zero temperature entropy differently. In the YSR I regime
(3 <8< %), both 7, and 73 are lifted by Ej, and con-
sequently, only the lowest tower 7; contributes to the
zero-temperature impurity entropy. Using Eq. (12), one finds

Simp(T = 0) = ST — 0) = In2. 27)

Whereas in the YSR II regime ("‘2*—1 <3 <5+ 1),only T;is
lifted in energy, and hence the zero temperature contribution
comes from the sum of the contributions of the tower 77 and
tower 73. The contribution from 77 is Sf;;‘a) (T - 0)=1In %,

and from 73 it is S.m)(T — 0) = —In 2, such that the total

. . . 1mp
1impurity entropy 1s

ST T

Simp(T" — 0) =1n (e imp - @imp ) =1In2. (28)

Thus, in the entire YSR regime, in both the ultraviolet
(high-temperature) and infrared (zero-temperature) limits, the
impurity remains unscreened, retaining its free-moment en-
tropy In2 as shown in Fig. 6. However, at intermediate
temperatures 7 ~ Ej, thermal excitation of the mid-gap state
with energy Ej renders the higher towers (7; and 73) ther-
mally accessible. As a result, the impurity entropy is expected
to exhibit a nonmonotonic dependence on temperature, tem-
porarily exceeding the free-moment value of In2 before
saturating back to it at both asymptotic limits.

D. The unscreened phase

Finally, for § > 5 + 1, the system transitions into the
local-moment (unscreened) phase. Here, the 8 function S,(J)
reverses sign as the superconducting coupling g becomes
significantly larger than the Kondo coupling J, thereby pre-
venting complete screening of the impurity at any energy
scale. All boundary-string solutions possess vanishing energy

In2.11

Simp(T)

In 2+

10 103

T/m

FIG. 7. Representative plots of the impurity entropy for n = 2
and the parameter § > 4 + 1 such that the model is in the unscreened
phase. The impurity entropy is In2 both in the UV and IR with
nonmonotonic humps in the intermediate temperature regime, which
progressively vanish as § — oo.

107!

in the thermodynamic limit, as in the zero-mode phase. Con-
sequently, the impurity—entropy contribution from each tower
is again given by the same expression as in the zero—mode
phase, namely Eq. (22). Since § > 5 + 1, all the n,, in Eq. (22)
take the value ny7-0) = (p+1— n)?> — 1 according to Eq.
(12) and hence the zero temperature entropy contribution from
each tower becomes

S (T — 0) = log <—L28J ) (29)
) B 28] —n—1

Stal(T — 0) = log <—L28J — > (30)

STNT = 0) = —log((|128] + 1 — n)(|28] —n)), (31)

imp

such that the zero temperature impurity entropy is In 2 and, as
usual, the infinite temperature total impurity entropy from the
sum of contributions from the three towers is also In 2.

As shown in Fig. 7, the impurity entropy approaches In 2
in both the zero-temperature and high-temperature limits.
At intermediate temperatures, a pronounced bump appears,
where the entropy exceeds the free-moment value In 2. This
feature reflects the competition between the boundary Kondo
correlations and the bulk superconducting order. Deep in the
unscreened phase, i.e., as § — 00, the superconducting order
in the bulk completely dominates over the boundary Kondo
effect, the bump progressively disappears, and the entropy
remains close to In 2 across all temperature scales.

V. CONCLUSION

We have constructed and exactly solved a novel integrable
model consisting of a single spin-% impurity coupled isotrop-
ically to n superconducting leads. Our analysis uncovers
four distinct boundary phases: the conventional overscreened
Kondo phase (which would occupy the entire phase space
in the absence of bulk superconducting order) and three
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additional phases induced by superconductivity, where the
transitions are governed by changes in the structure of the
boundary towers of excitations.

In the Kondo phase, the impurity is overscreened by a
many-body cloud of gapped spinons; remarkably, however,
the critical exponents coincide with those of the conven-
tional multichannel Kondo problem featuring gapless spin
excitations. In the zero-mode phase, the impurity remains
overscreened, but boundary excitations with vanishing energy
emerge, yielding a fractional residual entropy identical to
that of the overscreened Kondo fixed point; this zero-mode
regime is a genuinely multichannel feature and is absent in
the single-channel case studied in Ref. [16]. In contrast, the
YSR and local-moment (unscreened) phases correspond to
incomplete screening: in the former, partial screening occurs
at intermediate temperatures due to a single-particle bound
state, whereas in the deep unscreened regime, the impurity
remains completely free at all scales.

An interesting future direction is to study the channel-
anisotropic generalization of this model, where the couplings
between the superconducting leads and the impurity differ
across channels [60,61]. Moreover, it would be interesting to
understand the origin of the residual impurity entropy in the
gapped Kondo phase from the boundary CFT perspective by
starting from the gapless SU (2), WZW theory describing the
conventional multichannel Kondo fixed point and perturbing
it by a relevant bulk operator g7z J;" that breaks conformal
invariance in the IR by opening the spin gap via dimensional
transmutation.

Another direction is to note that in the present model, the
spin gap is generated dynamically in the interacting leads: the
marginally relevant bulk term gJ¢ J;* flows to strong coupling
and produces a mass scale by dimensional transmutation. By
contrast, in a conventional BCS description, the lead is an
essentially quadratic bath with an explicit pairing gap A built
into the bulk Hamiltonian. While both settings suppress low-
energy bulk spin excitations, the different origin of the gap can
modify the detailed boundary spectrum and impurity thermo-
dynamics, and it would be interesting to systematically clarify
which features of our phase structure persist upon replacing
the Gross—Neveu leads by BCS superconducting leads.
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APPENDIXES

In these Appendixes, we briefly sketch the derivation of
the Bethe Ansatz equations and provide explicit solutions to
the Bethe Ansatz equations, thereby supplementing the details
omitted from the main text.

APPENDIX A: BETHE ANSATZ EQUATIONS

We briefly sketch the construction of the Bethe Ansatz
equation in this section. Using the usual method, we compute
the bare scattering matrix between a bulk particle labeled j
and the impurity labeled 0
Iip — icP; 2
j—lcjo, where ¢ = —Jz

1= 32
4

Sjo = (AD)

1—ic
Here, 1o denotes the identity operator acting on the combined
spin space of the particle j and impurity 0, while Pjo =
%(I jo + ;- Go) is the spin permutation operator exchanging
their spin states. The boundary running coupling ¢ encodes
the impurity coupling parameter J and controls the strength
of the Kondo interaction.

Likewise, the bare scattering matrices between the two
bulk particles i and j of opposite chirality and is given by

2ibly; +Pj 4—
BT LT e
2ib+1 8g

Here, the running coupling constant b depends on the bulk
coupling g and parametrizes the interaction strength in the
bulk, which stabilizes the superconducting correlations.

In addition to these, another scattering matrix W;; is re-
quired to account for the scattering between particles of the
same chirality. Unlike S;;, the W matrix is not directly fixed by
the Hamiltonian but rather by the integrability and consistency
conditions of the Bethe Ansatz construction. This matrix is
simply given by the spin permutation operator,

Wi = P;.

(A2)

(A3)

This choice ensures the consistency of wave-function ampli-
tudes when exchanging two particles of the same chirality.

The consistency and integrability of the model are guar-
anteed by the following algebraic relations among these §
matrices:

WiWuW;; = W Wy Wi, (A4)
SiSuWij = WiiSuSjx, (AS)
S;08:;SioWij = W;;Si0Si;S 0. (A6)

All these scattering matrices and relations can be embedded
into the well-known rational six-vertex R matrix given by

iA;; + P
ir+1
where A € C is the spectral parameter. The bare scattering

matrices can be obtained as special values of R()):

Rij(A) = , (A7)

W;j = R;;(0) = P, (A8)
Sij = R;;j(2b), (A9)
Sjo = Kjo(b) = Rjo(b+ d)Rjo(b — d), (A10)

where K (A) is the boundary K matrix constructed as a prod-

uct of R matrices, and d = vVb* — % — 1 1s an RG-invariant
parameter that combines the two running coupling constants
bandc.

Since all the scattering matrices S/, $/0, Wi satisfy the
Yang-Baxter and reflection equations which ensures the con-
sistency of multiparticle scattering with boundaries, it is
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immediate to write down the eigenstates of the Nn-particle
sector (N particles in each n channel) with energy

Nn
E=Y %, (ALD)
=1
given by
Nn
it = Y [ otomZ i ey, 00} ® an,
Q.,a,6 j=1

(A12)

where the sums run over all spin and chirality configurations
a=\{ay,...,ay,ay}, 0 ={o1,...,0n,00}, and orderings
Q € Sy, The function 6 (xp) restricts to the ordering Q.

Amplitudes related by exchanging the order of particles or
flipping the chirality of the rightmost particle scattering off
the impurity are connected by the matrices W%/, S/, and §/°,
respectively.

Imposing the open boundary conditions

Vi(0) =—=v_(0), Y (=L)=—-y_(-L), (AI3)
leads to the quantization condition
e MEATI0] = (Z))37 AZ 10, (Al4)

where the transfer matrix Z; transporting the jth particle is
Zj=WhHiTh . wilgi0git L gINGIOWIN Lyt
(A15)

Using the Yang-Baxter and reflection relations, the transfer
matrices commute:

[Z;,Z] =0 Vj,k, (Al6)

so they can be simultaneously diagonalized.
The transfer matrix Z, is related to the Monodromy matrix
E?(A) as Z, = t(b) = Tra E*(b), where

YA =R (A +b) - - RN (A + DR . + )R (. — d)
x RN =b)---RAY(L — b). (A17)

Here, A represents an auxiliary space which is taken to be
that of a spin—% particle, and Trp represents the trace over
the auxiliary space. Using the properties of the R matrices
one can prove that [t(A), T(u)] = 0 and by expanding t(u)
in powers of w, obtain an infinite set of conserved charges
which guarantees integrability. By following the functional
Bethe Ansatz approach and 7 — Q relation, we obtain the
Bethe equations where the quasimomenta satisfy

HH (b4 pj)+ vie + %
(b+u,,-)+u,\a—5 ’

—sz L __

(A18)
v=% a=1

and the spin rapidities satisfy

Hk +vd + 4 Nn ra b+ )+ 5
_i)\,+ud—5:l Ao +ub+ ) — 4

=t ke A +vkﬁ—z

Here, we introduced the inhomogeneity parameter (i ; to per-
form the fusion such that the flavor symmetry effectively fuses
the spin fields into higher-spin composite operators. This can
be achieved by choosing the inhomogeneity parameter of the

form
. n+l :
wij=ilj— > , Jj=1,...,n, (A20)
such that the fused Bethe Ansatz equations become
. b+ vi, + i3
—2ik;L 2
J A21
ot [T ot o (A21)

a=1v=%

where the spin rapidities satisfy

. N
B (Aa+vd+%)<ka+vb+i§>
o3 \ A +vd —% )\ ho + Vb~ i3
ha = hp +ihg +hg i

:Hx Mg —ihg L Ap—i (A22)
pra e TAB T A A

We introduced the inhomogeneity parameters manually and
carried out the fusion accordingly. In contrast, Refs. [5,52,54]
systematically incorporate these inhomogeneities through the
addition of a second-derivative term in the Hamiltonian. This
routine can likewise be adapted to our model, and we could in-
corporate the inhomogeneity parameter more microscopically.

APPENDIX B: DETAILED SOLUTION
TO THE BETHE ANSATZ EQUATIONS

The solutions of the Bethe Ansatz equations (A21) and
(A22) equations, and hence the structure of the ground state
and the excitations about the ground state, depend on the
value of the RG-invariant parameter d. As will be shown
when d is real or takes purely imaginary values d = i6 where
0<d< %, the impurity spin is overscreened by the cloud of
bulk massive quasiparticles. We solve these equations in these
parametric regimes.

1. Overscreened Kondo phase

The ground state of the model is made up of all n-string
solutions, where each string is of the form

DR i N
{)\"(’«)j}jzl = {Aa + E(n“‘ 1 —2])‘] = 1, ...,I’l},
A, €R. (B1)

Plugging in these string solutions to the Bethe Ansatz equa-
tions (A21) and (A22), we get the Bethe Ansatz equations
describing the ground state configurations as

o 2kiL

b+vA + %L )
Hl—“—[ (b+vA, —i? 1) B2

a=1v= :tlEl
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and
n i . N .n
l_[ 1_[ Ay +vb+ 3527 —1)\ Ay +i5
v=t1 j=1 Ag+vb—32j=1)) Aa—ij
Ay +ud+ 2
e 2 (B3)
i Ay +vd — %

M . n—1 . 2
_—l_[ 1—[ Aa—i-uAﬁ—i—ml—[(Ao,—i—vAﬂ—l—lE)
B=lumtl Aa+vAﬂ—inE:1 Ay +VApg —iE

(B4)

Taking logarithms on both sides of the equations, Eq. (B2)
becomes

ZZZt 1(2(b+vll\ ))7 (B5)

alu:l:él

such that summing over all momenta, we write the equa-
tion for the energy eigenstates as

E=Zk_,-
I3 ) Nt

a=1v==% £=1

(2(19 + UAg)
1

). (B6)

Likew1se, Eq. (B4) becomes
2(Ag b
Z (ZNt ( ( : +v ))
= 2j—1
. (2(1\“ + Ud))) . <2Aa)
+ tan _— —+ tan
n n

M
Ay + VA
-y <tan_1 (&)
B=1v==% n

n—1
+2Y an! ((A%Aﬂ)» trl, (B

where I, € Z are the spin quantum numbers. In the limit
Ay — +00, the quantum numbers I, approach their maximal
value

I®=nN+3—-MQ2n—1). (B8)

This upper bound corresponds to nN + 1 — M(2n — 1) avail-
able slots for the M quantum numbers I,.o. Denoting by

J

2N cos(2b) Y 'i_, e~ 10l 42 cos(wd e 510! 4 o510l —

h the number of holes (unoccupied quantum numbers), this
counting can be rewritten as

nN+1-MQ2n—-1)=M+h. B9

Solving for the number of n-strings M as a function of holes
h, we get
N 1—-h

M=— . B10
>t (B10)

Since h is a nonnegative integer, the maximal number of
n-stringsis M = %’ (assuming N even for convenience), corre-
sponding to one hole # = 1. This suggests that for the number
of roots to be an integer, there has to be 1 hole present in the

ground state. Moreover, in the thermodynamic limit, the spac-

ing between consecutive roots AA, = Ay+1 — A, becomes
infinitesimal. Defining the root density
Iy

Ag) = Jaxi =l Bll

Pn(Ng) = AR, (B11)

we write the Bethe equations for A, and A, subtract them,
and expand to leading order in AA,. This yields the integral
equation

200(A) =f(A) = 3 f ANKL(A + UA/)pn(A/H@(]lv),
v==%
(B12)

with

FA) =Y | Yo Nazi(A+vb)+as(A +vd)

v=% \ j=1

+ as(A) = 8(A), (B13)
M=tV B14
ay (M) =~ (B14)
n—1
Ku(A) = an(A) +2) " ag(A), (B15)
£=1

where 6(A) is added to remove the trivial root A = 0 which
leads to nonnormalizable eigenfunction. Now, we add a single
hole at position 8 to make the total number of roots an integer
as discussed above. The root density expressed in Eq. (B12)
can be efficiently solved in Fourier space to obtain the solution
of the form

1 —2cos(wh)

on(w) =

%(chos(zb)e*zm Dlel(gnlel — 1) + (el — 1)(— e (2cos(Bw) + 1) + 2 cos(dw) + 1))

2(1 + el 4 Y1 etlol)

(B16)

2(el T+ (el = 1)
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The total number of roots in the ground state is M =
n[dAp,(A) = n , and the total spin in the ground state is

SZZnN—i—] —M:l.
2 2

(B17)

The spln— observed in the ground state originates from a
propagating hole, not from the impurity. The impurity, which
initially carries an entropy of In2 at the ultraviolet (UV)
fixed point, is completely screened at low energies, causing
its entropy to vanish. This will be confirmed by an explicit
calculation of the thermodynamic entropy.

The change in the root density is due to the presence of a
single hole is

Apg(w) = %(— cos(@w)(coth (@) + 1) tanh (%))7

(B18)

and the energy function in the Fourier space takes the form

2imr . g%(1*2")\w\(en\w| -1
w

elol — 1

J

i N tan-! (2(Aa + vb)) - <2<Aa + vd)
¢ 2i n

Thus, using the Parseval-Plancherel theorem, the energy of a
single hole becomes

e~tgech(12) cos(Bw
E9:—iD/dw (5) cos(0e)
2w

— Dtan-! (cosh(n@))
- sinh(wb) )

To obtain a cutoff-independent, physically meaningful energy
spectrum, we perform a renormalization procedure on the
spinon energy Eq. (B20). The minimum of the energy occurs
at 6 = 0, defining the physical mass

(B20)

1
m:=Ey=Dtan"' [ ——— ). (B21)
sinh(7r b)
In the double scaling limit b — oo, D — oo with m =
2De~"" held fixed, the energy dispersion becomes

Ey — mcosh(mh). (B22)

This shows that the originally massless chiral particle in
the ultraviolet (UV) regime acquires a relativistic massive
dispersion in the infrared (IR), with a well-defined mass m
independent of the volume and UV cutoff imposed while
solving the Bethe Ansatz equations.

In order to study the excitations on top of the ground state,
we shall change the quantum numbers I, by adding holes in
the n-string sea and also add p-strings over various lengths
p # n. For example, adding p-strings to the n-string sea, we
obtain the Bethe Ansatz equations

2A,
) +tan~! <—)
n

v=%t \ j=1 J = 1
M Ay + VA l (Ag + VAp)
= ZZ tan ™! (a—ﬁ> —i-ZZtan_1 (a—ﬂ> +rl,
n 3
B+1v==£ £=1
o M, Ay + UAS a— Ay + VA Au + VA
+3°) ™ [ ———2) 42 Y ! ——— ) ! [ ——F (B23)
Eo1 el vt In — pl — In—pl+2j n+p
=1 B=1v J=
[
We repeat the analysis performed for the ground state for ~ which can be rearranged to
this state made up of p-strings on top of the sea of n-strings.
Sending A, — oo leads to the upper bound on the quantum N —h— Z
numbers 1,: M = 0 + p<" — ZM (B26)

I®=nN+3-Mn—1)—Y 2pM,— > 2nM,. (B24)

p<n p>n

with I — % slots available, the counting can be expressed as

nN+1-MQ2n—1)=Y 2pM, — > 2nM, =M +h,
p<n p>n

(B25)

p>n

The change in the Fourier-transformed density A p, due to the
addition of a p-string is given by

e S - Pi=e " cos(wAP), forp < n,
Apyp = (B27)
—e T cos(wAP), for p > n,

where A? is the position of the center of the p-string.
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Using Egs. (B6) and (B19), we obtain the energy of p-
string solution due to the backflow of n-string solution is

min(n, p)
2(b+ A
AB, = Y —tan ! (20EAY ) g
= 2j—n+p—1
Moreover, the bare energy of these roots is
min(n, p)
2(b+ Av)
_ —1
Eppare = ) tan <2j e 1)' (B29)

J=1

Hence, the total energy contribution due to the p—strings of
length p # n vanishes in the thermodynamic limit, and all the
energy contribution comes only from the holes.

After the discussion of the construction of a generic excited
state, let us focus on the most elementary excitations in the
model.

(1) Spinless charge expectations: these gapless excitations
arise from changes in the charge degrees of freedom that
leave the spin quantum numbers unchanged. Consider an ini-
tial quantum number n9 satisfying —K < #n9 < 0, where
K > |2T”n il acts as a cutoff defining the “bottom of the sea”
in the fully interacting theory, serving as the reference point
for studying excitations. If the quantum number is shifted to
n, = n? + An > 0, then the corresponding change in energy

J
is given by

2w
AE. = —An > 0.
L

(2) Chargeless spin excitations: these gapped excitations
are generated by altering the spin quantum numbers I, which
creates holes in the sea of n-strings.

(a) Triplet excitation. From the counting argument above,
creating two holes in the sea of n-string solutions and adding
a one (n — 1)-string solution leads to a solution with total
number of roots M, = n — 1 + M where the number of total
n—string roots M = n(%’ — 1) such that the spin of this excita-
tion above the ground state is §* = 7N — M, = 1. This shows
that it is a triplet excitation and the energy of the excitation
is E; = m(cosh(;r6;) + cosh(ir6,)) as the energy of the one
(n — 1)-string vanishes in the thermodynamic limit.

(b) Singlet excitation. Creating two holes in the sea of
solutions of n strings and adding a solution of one n — 1 string
and one n + 1 string leads to a solution with a total number
of roots M; = n — 1 4+ n+ 1+ M where the total number of
roots n— string roots is M = n( %’ — 2) such that the spin of
this excitations above the ground state is §* = 3N — M, = 0.
This shows that it is a singlet excitation with energy E; =
m(cosh(mw8;) + cosh(mr6,)) where 6; and 6, are the positions
of the two holes and as shown above the energy of n — 1 string
solution and n + 1 string solution vanishes in the thermody-
namic limit.

All other excitations are constructed by adding even num-
bers of holes on top of ground state configuration made up
of all n—string solutions and appropriate numbers of string
solutions of various lengths p # n such that the energy of
the state depends only on the number of holes i.e for 2j
numbers of holes, the degenerate excitations have energy
Ey; = ZZ’ m cosh(mw6y).

(B30)

Although our analysis is carried out for real values of
d, we observe that for purely imaginary values d = i§ with
0<d< %, all results remain valid through a straightforward
analytic continuation. In the overscreened Kondo phase, all
excitations are bulk excitations consisting of holes and bulk
string solutions. In contrast, the other phases feature ad-
ditional boundary excitations layered on top of these bulk
excitations.

2. The zero-mode phase

When the RG-invariant parameter § lies within the para-
metric range % <8 < 3, the impurity is overscreened by a
multiparticle Kondo cloud, similar to the overscreened Kondo
phase discussed above. However, unlike the overscreened
Kondo phase, boundary excitations can also arise in this
regime.

The Bethe Ansatz equations for the n-strings sea now take
the form

n i . N .n
l—[l—[ Ao +Ub+ 3525 -1\ Ay +i3
Ag+vb—5Q2j—1)) Au—i3

v=t1 j=1
Ay +i(2 1)
H M (B31)
v Do — 1(5 + U8)
__ﬁ I Aa+UAﬁ+in'i—[l(Aa+UAﬁ+i§)2
Bl =t Ao,-i-UA,g—ingz1 Aa+UAﬂ_i§ .
(B32)

Following the same routine as before, we express the Bethe
Ansatz equations in logarithmic form, then consider the equa-
tions for A,4+1 and A,. Subtracting these and expanding to
leading order in the difference AA,, we obtain the integral
equation

200(8) =g(A) = Y / ANK(A + A pu(A) + o(]iv)
v==%

(B33)
with
gM) =" [ Do Nawa (A +vb) + agpus(A)
v==% \ j=1
+as(A) —8(A), (B34)
n—1

_ . L r

Ki(A) —an<A)+2§as(A>, (M) =5 e
(B35)

where §(A) is added to remove the trivial root A = 0 which
leads to nonnormalizable eigenfunction. Now, we add a single
hole at position 6 to make the total number of roots an integer
as discussed above. The root density expressed in Eq. (B33)
can be efficiently solved in Fourier space to obtain the solution
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of the form

nlo|

e (2N cos(2b)e~ 1 (=Dlel (gnlel _ 1) 4 (elol — (- e"? (2 cos(Bw) + 1) + 2 cosh(bw) + 1))
2(ell 4+ 1) (el — 1) '

Pn(w) = (B36)

This root density is just the analytic continuation of the root density in the ground state of the overscreened Kondo phase obtained
in
Such that the total number of roots in the ground state is M = n [ dAp,(A) = n%, such that the total spin in the ground state
is
N +1 1
PNyl (B37)
2 2
Just as in the overscreened Kondo phase, the impurity is overscreened by the multiparticle cloud of gapped quasiparticles in this
phase. All the bulk excitations discussed above are also valid excitations in this phase. However, as shown below, apart from the
bulk excitations, the model also hosts boundary excitations in this phase.
On top of the bulk string solutions, there exists a unique boundary string solution of the Bethe Ansatz equation (A22) of the
form

5§ =

As = %i(3 — 8), (B38)
such that the Bethe Ansatz equation can be written as

N
e —i(8 =3\ [ra —i(3 —9) Ao + Vb + i2 Ao+ VAg +i
— | = =+ B39
(xa+i(3—%) Ao +i(3 =) [1 Ao + Vb — i} HHAaJru)\ﬂ—i (B39

v==+ v=% B#a

Bethe Ansatz equations written for all n-string solutions then become

= 1 (2(Ag + D) 4 2A,4 -, 2A L (2A,
Z ZN tan _— — tan —— | —tan ———— | +tan
= 2j—1 24+n—-26 n—2426 n

v=%

M n—1
= Z (tan_l (M) +2Ztan—1 (W)) + i, (B40)
n
+

ﬁ:l v= E:l

Once again, we obtain the integral equation for the density of roots as

’ / / 1
20,(A) =h(A)—UZi/dA K. (A +vA)pu(A )+O<N>, (B41)
with
h(A) =" ZNaij-l(A +Ub) | 4 aunzen (A) + anzn (A) + ag (A) — 8(A), (B42)
v==% j=I
n—1
Iy
Ku(A) = an(A) +2) ag(A);  ay(A) = P (B43)

£=1
where 6(A) is added to remove the trivial root A = 0 which leads to nonnormalizable eigenfunction. Moreover, we add an — 1
string solution with center at A and a hole at position 6 such that the solution is immediate in the Fourier space

—2428 2-28
—1E B IR 4 el _ |

2N cos(20) Y e el — e
2(1 + ol 4 17 Detlol)
Cos(w[\)(e*% +2y i ek e*‘zﬂ@nfl)) + cos(wh)

- = : (B44)
(14 elol 4 3771 2 klel)

pn,é,)_\(w) =

(

such that the total number of roots is M5 s =1+n—1+M  the number of roots from n — 1 strings and the number of
where 1 is the number of boundary string roots, n — 1 is all n—string solutionsis M = n [ p, s ;(A)dr = n(%V — 1)and
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hence the total magnetization of the state is S° = % + % — as
M; 5 = % which is the spin of the freely propagating spinon
in the bulk. - b . b
. AEs; = —Dtan ———— | = Dtan — .
As we have already shown, the energy of p-string solu- —5+ 24 % S+14— %
tions with p # n vanishes in the thermodynamic limit. We
shall now compute the energy of the added boundary string (B45)
|

solution. The energy of the boundary string due to the shift in
the root of n-string sea is obtained using Eqgs. (B6) and (B19) The bare energy of the boundary string root is
2(b—i(t -8 2(b+i(t -8 b b
Ejs pare = Dtan™! M + Dtan™! M = Dtan™" — +Dtan”' | ——— ].
n n —5+5+5 §+5—
(B46)

o=

Thus the total energy of the boundary string solution AEs + Ej p,e vanishes in the thermodynamic limit.

Starting from a ground state composed of all n-string solutions along with a single hole, we construct an excitation
by adding one (n — 1)-string and a boundary string solution. In the thermodynamic limit, this excitation carries zero
energy.

By introducing a suitable number of p-string solutions and holes, boundary string solutions can be combined to form valid
excitations. For instance, adding the boundary string solutions and 2n — 2 holes to the ground state enables the construction of
such excitations. The root density of such an excitation is

n—24268 n+2-28
== el _ o=

Tl il — 1 32 cos(wh;) + cos(wh)

i=1

2N cos(2b) Yi_ e el — e
2(1 + el 4 Y1 2etlol) (14 el 4 Y 17" 2e=¢lel)”

Pn.s.6, (@) = (B47)

where parameters 6; denote the positions of the 2n — 2 added holes, while 6 represents the position of the hole in the ground
state. The total number of roots in this configuration is given by

l1+n / Pnse(Mdr = SN —2)n+1, (B48)

corresponding to a spin value S° = n — 2. The energy of this excitation is large and expressed as

Ey,=m Z cosh(m6;), (B49)
0;

which takes the minimum value min(E,,) = (n — 2)m when each 6; — oc.

3. The YSR phase

When the RG-invariant parameter § takes a value in the parametric range 5 < § < 5 + 1, then the subgap mode constructed
from the boundary string solution gets a finite mass Ej less than the mass gap 2m. In this regime, the Bethe Ansatz equations for
the n-string sea become

I 1_[ (Aa +ub+i2) - 1))NAa il Ayt i(248) Ay —i(5— 1) ©50)
oty \Aa F0b=5Q2j =1 ) Ao —if Ay —i(5+8) Ao +i(5 = 5)
=—ﬁ I Aa—i-vAﬁ—l-inﬁ(Aa—i-vA,g—i-ié)Z. B51)
=1 vt Ay +vApg —in i Ay +vAp — i
Then, following the same procedure, we obtain the root density in the Fourier space as
5 () = 2N cos(2b) 31, e~ 1ol _ pedlel sinh (%) + e 3lol — 1’ E52)

2(1 + el 4 Y 1! 2etlol)

such that the total number of roots in the ground state is M = % and the spin in this state is % + % —-M = % This state contains

no holes and is formed only from n-string solutions; hence, its spin-% comes entirely from the unscreened impurity.
However, it is possible to construct a state where the impurity is screened by a subgap bound mode which is localized at the
edge. To construct such a state, we shall add a single hole at position 6, the boundary string solution A5, and an (n — 1)-string
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with center A such that the root density becomes

2N cos(2b) Y e T el 750l — 1 — 2 cos(ah) — e~

n—2428

_ n+2-28
2

ol _ ¢ lol

Pn(w) =

2(1 + ol 4 31 2etlel)

cos(w]\)(e*'%' 42 ZZ;; e F k-1 4 e—%(znq))
(14 el + Y 1" 2e=¢1e) '

The total number of roots is My 3 = 1 +n — 1+ M where 1
is the number of boundary string roots, n — 1 is the number
of roots from n — 1 strings and the number of all n-string
solutions is M =n [ p, 5;(Mdxr = n(% — 1) and hence the
total magnetization of the state is S° = % + % —M;; = %
which is the spin of the freely propagating spinon in the bulk
while the impurity is screened by this localized bound mode.

As before, the energy of the (n — 1)-string solution van-
ishes in the thermodynamic limit, and the energy of the single
hole at position 6 is Ey = mcosh(;r8), which takes the min-
imum value min(Ey) = m when 6 — oco. We now compute
the energy of the boundary string solution by first noting that
the change in the root density of the n-string sea due to the

presence of the boundary string solution is

n—2+428 n+2-28
==l o

= 1ol + 2sinh (Jw|4)e 01!
2(1 + elol 4 31! e tlol)

App(w) =

(B54)

The energy contribution of the boundary string solution due
to the shift in the density of the n-string solutions obtained by
using Egs. (B6) and (B19) is

b b
AEs = —Dtan71 (ﬁ) —Dtan71 (T)
—5+§+§ 5+§—§

— D arctan (M) R
sinh(7rb)

(B55)
such that adding the bare energy of the boundary string solu-
tions cancels the first two terms, and taking the scaling limit
D — oo and b — oo, we obtain the total energy of the bound
mode
T

Es = —mcos <E(n - 28)). (B56)
Hence, the energy of this excitation on top of the ground
state, which is composed entirely of n-string solutions with the
impurity remaining unscreened, is obtained by adding a sin-
gle hole, the boundary string solution, and an (n — 1)-string
solution. The total energy is

E=m(1 T n—2s
_m< —cos(z(n— ))),

where the first term corresponds to the minimum energy of
the spinon, the second term arises from the boundary string
solution, and the energy contribution from the (n — 1)-string
solutions vanishes in the thermodynamic limit. In this state,
the impurity is screened by this single-particle bound mode.

(B57)

(B53)

(

Thus the ground state undergoes a drastic change at § = 7.
For § < 7, the impurity is screened in the ground state,
whereas for § > %, it remains unscreened. However, in the
narrow parametric window 5 < & < 5 + 1, the impurity is
screened by a mid-gap excitation. As we will see, once
8 > 5 + 1, the mid-gap state ceases to exist, and the impurity

cannot be completely screened in any eigenstate.

4. Unscreened phase

As the RG-invariant parameter § further increases and ex-
ceeds 5 + 1, the superconducting order in the bulk dominates
over the Kondo coupling strength at the boundary, preventing
the impurity from being fully screened in this phase.

The ground state in this phase consists of n-strings and can
be obtained as the analytic continuation of the ground state in
the YSR phase to the parametric regime § > 5 + 1, where the
impurity remains unscreened.

The boundary string solution A; is still a valid solution in
this regime. Adding this solution on top of the ground state
results in a change in the root density of the n-string sea by

28—n-2

lol 4 ¢~ 5~ 1@l 4 2ginh (|w|§)e’5““|
2(1 + el 4 Y 1! 2etlol)

_ n=2428
2

’

App(w) =

(B58)

such that the energy due to the backflow of the n-strings in
the presence of this root obtained from Egs. (B6) and (B19)
is exactly canceled by the bare energy of the root, such that
Es = 0. As this root cannot be added without including an
appropriate even number of holes and various bulk strings,
the resulting state lies above the mass gap; more importantly,
the impurity remains unscreened in this state.

APPENDIX C: DERIVATION OF RENORMALIZATION
GROUP EQUATIONS

We obtained the expression for the superconducting mass
gap

m = D arctan ( (C1)

1
Upon taking the scaling limit D — oo and b — oo while
holding m fixed, we write
m = 2De ™" & 2De % . (C2)
Inverting this relation, we obtain

b (D)——” (C3)
=8 ~ 2In(2)

2b(D)
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Moreover, from the expression of the RG-invariant quantity d,
we obtain

2b
C=ET a1 €
such that for small J by taking ¢ = 2J, we obtain
b
—d*—1

Using Eq. (C3) in Eq. (C5) and differentiating Eqs. (C3) and
(C5) with respect to In D, we arrive at the RG equations

J(D) = (C5)

_da 2,
ﬂ(g)—dlan— —& (Co6)
J _ 4 J= 2JJ C7

B( )—dlnD ——;( - 8). (C7)

These RG equations govern the RG flow in our cut-off
scheme, which coincides with more conventional schemes—
lattice of momentum cutoff—at low energy. Therefore the
conclusions derived from the RG equations are reliable only
for weak coupling. The complete understanding of the phase
diagram requires a full solution of the model.

J

®pm(x) = {

The counting function
1
vp() = 5— [@,,(Mym) + )0, + vd)
v

min(p,n)

+ N Z ®n+p+172j ()\;p) + Vb)

j=1

®|p—m\(x) + 2®|p—m\+2(x) +-- 4 2®p+m—2(x) + ®p+m(x)’
205(x) + -+ + 202, 2(x) + Ogp(x),

APPENDIX D: THERMODYNAMICS IN OVERSCREENED
KONDO PHASE

Under the string hypothesis, one assumes that all solutions
of the Bethe Ansatz equations are string solutions of the form

1
)\;p):A(P)+i§(p+l—2j), j=12,...,p. (DI

Writing the Bethe Ansatz equations for all p-strings and tak-
ing In on both sides of the equation, we obtain

0,(:P) + > 0,1 + vd)

min(p,n)

+ N Z ®n+p+1—2j()»§,p) + Vb)

j=1

=Y Opum(AP +vag") — 2L, (D2)
m,B
where
1 2x
O,(x) = —2tan — (D3)
P
and
m,
PF (D4)
p=m.

(

The derivative of the counting function in the thermody-
namic limit gives the density of p-strings p,(1) and holes

Pp():

d
= pp(1) + P, (D6)

du

Combining the last two expressions relates the density of

- (m) holes to that of the density of the string solutions via
=Y Opm(AP +02") (D5)
m,B S
h —
is such that it gives the integers 175” ) for corresponding roots (1) = fp(u) = ZAP’"'O m (1), (D7)
A§,”), ie., vp()»g,”)) = I, and the skipped integers I}(,”)’h corre- m=1
spond to the positions of holes, i.e., vp(kg,p)'h) = I)Sp)’h. where
|
min(p,n)
fow)=agu)+ Y N Y @weis (u+ vb) +ag(u+vd) |
v=+ j=1 )
Apn =[lp—mll+2[lp—m|+2]1+---+2[p+m—2] + [p+m], (D8)
with ar (w) defined as
1 d® 1 2
ag(M)E_Ed p=; p22 . (D9)
H (5) +u
and the functional [p] introduced as convolution with ap:
[P)g(1e) = ag * g(u) = / diay (1 — Mg, (D10)
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Moreover, the energy function becomes

min(p,n)

= —Zn,w Z / drpp(M)Opnsp1-2j (VA + b).

(D11)

In Eq. (B6), we note that the first term is the contribution from
the charge energy i.e. the charge sector energy is given by

&
ol
j=1

where n; are the quantum numbers associated with the charge
degrees of freedom. The corresponding charge partition func-
tion is

E9(n;}) = (D12)

. | 27
VAR Z exp —sznj

{n;},n;>—N¢ j=1

(D13)

This partition function characterizes a system of N° non-
interacting spinless fermions possessing a linear dispersion
relation. When the parameter D becomes very large, the free
energy simplifies to

LT [ k
F@):——/ dkln(14e7
el (I1+e77)

and introducing

min(p,n)

Y Ourprizj(Vh +b) = 2n |,
j=1

gy(0) =2pH — D

one can write the free energy as [64]

[ee) h
F = Z/dk[gppp —Tppln |:1 + &:|
p=1

Pp

— TplIn [1+p—gﬂ. (D18)
pP

Varying the free energy subjected to the constraint 8,02 =
= Apmdpm from Eq. (D7), we get

h 00
&} +T Y Apnln [1 + p—’;’} =0 (D19)

gp—Thn|1+
Pp m=1 P

or, introducing n, = pg /Pp, ONE can write

+ Y ApIn[1+4n,'MW)]. (D20)

m=1

A
In[1 + n,(1)] = g”; )

It is convenient to introduce a functional G acting by convolu-
tion with 1/2 cosh(rr 1)

1
Gf() = /dﬂ mf(ﬂ)- (D21)

_ _;T_ZLTz + {divergent constant}. (D14) Applying 8, , — G(8u—1,p + Sm+1,p) to Eq. (D20), we obtain
m
. . . Inn,(A) = — —=cosh(wA)s, , + Gln[l +
The spin sector’s free energy, when subjected to a magnetic p(*) T (T2)n.p [ p+1]
field H, can be expressed as + GIn[1 + n,4]. (D22)
F=E+2MH —TS, (D15) Applying G on Eq. (D20), we obtain
where S denotes the Yang-Yang entropy, which can be ap- G|:ln[1 0,0 — gp()»):| Z 140 (A)]
proximated using Stirling’s formula as ! P
o0 (D23)
— h h
= 2; / di[ (oo + o) In (0p + 7) where we introduced
p:
min(p,m)
— pplnp, — plnpl]. (D16) Yom() =Y apemo-u(p). (D24)
2
The combination £ + M H can thus be written as o =
Noticing
o0
E+MH =Y / drg,(M)py(), (D17) Yim(u) = an(n), (D25)
p=1 we can simplify the equation for free energy as
I/dk + [£,() — T In(1 + 7,(1))]
== n - n n
2 ZCoshn(A b) " 2coshn(h+ b)) 7
1
+ A)—=TIn(1 4+ n(A)]¢. D26
(ZCoshnk 2coshm(A —d) 2005hn(k+d)>[gl( ) n( m( ))]} ( )
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The impurity part of the free energy is
]:imp = ]:0

imp

T 1 1
— —/dk +
2 (200shn(k—d) 200shn(k+d))

x In(1 + n1(2)). D27)

These are the equations studied in the main text.

We refer the reader to Ref. [16] for a detailed discussion
of the thermodynamics in the remaining phases featuring
multiple towers. In the Appendix of that work, we explicitly
demonstrate how summing over the tower contributions yields
the free energy presented in the main text.

APPENDIX E: NUMERICAL SOLUTION
OF TBA EQUATIONS

We solve the infinite hierarchy of thermodynamic Bethe
Ansatz (TBA) equations for the impurity entropy by truncat-
ing the string index at a finite cutoff n,,c. The TBA equations

Inn,(A) = — gcosh (TA)Spn

" U:Z:I:l w/;oo 2 cosh [j'[()\l — I‘L)] ln[l + np+u(u)]

(ED)

are solved numerically on a discrete rapidity grid A; €
[—L, L], with L = L,,x. The convolution kernel is discretized
as

G AL
Y 2cosh[ (A — A))]

(E2)

transforming the integral equations into matrix-vector form.
The hierarchy is truncated by imposing the large-p boundary
condition at p = nyax + 1,

nmax +

1
In (1 + 7y, 41(R)) == In(1+ ny,, (1), (E3)

nmax
allowing closure of the system. We iteratively update 1,(A;)
until convergence.
The impurity contribution to the free energy is computed
as

F (T)——ZZfOO a2 In[1+ i ()]
mptf) =" L 2cosh[mh+ody] b T

v=+1""

(E4)

approximated by a discrete sum over the grid points. The
impurity entropy follows from numerical differentiation,

aTr -
We now turn to solving the TBA equations numerically for
n=3. Notice that the convolution kernel G(A) is sharply
peaked at zero and decays exponentially away from the origin.
This property ensures excellent numerical convergence even

with moderate rapidity cutoffs. Using Ly,x = 20 for the ra-
pidity range and truncating the string hierarchy at ny,,x = 20,

Simp(T) = - (ES)

we numerically solve the TBA equations to compute the im-
purity entropy as shown in Fig. 8(a). We explore parameters
d=0,0.5,1and m = 0.5, 1. At low temperatures, the impu-
rity entropy approaches

Simp(T — 0) ~ 0.48 ~ In ¢,

where ¢ = #5 is the golden ratio, consistent with the known
residual entropy of the three-channel Kondo fixed point.

In Fig. 8(b), we obtained the impurity entropy in the
g = 0 limit when the model under consideration reduces to the
conventional Kondo problem, which was extensively studied

in Refs. [5,30].

(E6)

APPENDIX F: LOW TEMPERATURE ASYMPTOTICS
AND CRITICAL EXPONENTS

Defining a new variable ¢ = m A, so that dA = d¢/m, the
free energy Eq. (D27) can be written as

T OO — 2 cosh¢
Emp(T) = - E d{é’ T
—00

X [ ! + ! } (F1)
cosh(¢ +md) cosh(¢ — md)
Moreover, defining the kernel
1 1
cosh(¢ + wd) * cosh(¢ — d)’

the expression can be compactly written as

Kqi(¢) =

(F2)

m

T o0 .
Fu(T) =~ / dce PN KL, (F3)

At low T, the driving term makes 7, (1) exponentially small
away from A = 0, and 7;(}) inherits a similar decay

In(1 + 71(1)) ~ exp < - ?cosh(nk)). (F4)

The kernel consists of two terms centered at A = +d. The
integrand is the product of a sharp peak at A =0 and two
broader peaks at A = +d. The dominant contribution to the
integral arises from the overlap between the exponential tails
of In(1 + 1 (A)) and the kernel peaks, which occurs at A > 1.

The exponential suppression of the driving term at the
kernel peak ¢ = *md is exp(—7 cosh(rrd)). Therefore the
integrand becomes O(1) when 7 cosh(srd) ~ 1. This defines
the Kondo temperature

Tx = mcosh(md). (F5)

To derive the subleading power-law correction to the impurity
free energy at low temperature, we analyze the linearized form
of the TBA equations. We define

gp(&) =In(1 +n,(8)), §8gp(5) = gp(¢) — gp(c0). (F6)
At low temperature, the corrections 8g, are small, and the
TBA equations linearize. For p < n, we have
2

f—p5gp(§) =G *(8gp-1(5) +8gp+1(¢)),  (F7)
fp+1fp71

where f; = 1+1,(00), fo =1, and §g,(¢) = ga(¢) is the
driving term.
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FIG. 8. Impurity entropy from numerical solution of TBA (a) for g # 0 and (b) g = 0; (a) Impurity entropy Siy, for the six-channel Kondo
model as a function of the universal scaling variable T /m, obtained by numerically solving the Thermodynamic Bethe Ansatz (TBA) equations.
Different colors represent distinct values of the RG-invariant parameter d (blue: d = 1, red: d = 0.5, green: d = 0). Curves with markers (+)
are for m = 0.5 and dashed lines are for m = 1. The overlay of these curves explicitly demonstrates the universal collapse of data as a function
of T /m. The entropy smoothly interpolates between the low-temperature limit S, (7 — 0) = ln(%(l + +/3) and the high-temperature limit
Simp(T — 00) = In 2, illustrating universal scaling behavior Sinp, = Simp(d, T /m). (b) Impurity entropy Sim, for the conventional multichannel
Kondo model obtained in the limit g = 0, plotted as a function of the universal scaling variable 7 /T,, with the Kondo scale defined as
Ty = De™™/¢. Different curves correspond to varying channel numbers n = 1 through 6, demonstrating well-known universal crossover
behavior. This figure serves as a benchmark for comparison: our model, incorporating bulk interactions and a finite mass gap, reproduces
exactly the same infrared (IR) and ultraviolet (UV) fixed-point entropies shown here. However, the crossover trajectories in our model explicitly

depend on an additional RG-invariant parameter d.

Taking the Fourier transform gives a set of algebraic recur-
sions for 6g,(w). These can be solved in terms of a transfer
function

88p(w) = fp (@) - gu(w), (F8)

with

fo—i sinh[w(p +2)/2] = fp1 sinh[wp/2]
2fpcoslm /(n + 2)]sinh[(1n/2 + 1w]

The impurity free energy correction becomes

a (sin[2n/(n + 2)]>

sin[x/(n + 2)]

cos(wd)

2cosh(w/2)

(F10)

(@) = (F9)

Fimp(T) = F)

imp

B T/d_we—iwln(r/zn)/n .
2

(@) - g ().
The integrand has poles at
2wim
Tt
arising from the sinh[(n/2 4 1)w] in the denominator. The

first pole at w = n/gﬁ has vanishing residue, so the next pole
at

me N, (F11)

2mi
n+2

Wy = (F12)
dominates.

Evaluating the residue yields the leading nonanalytic cor-
rection

8 Fimp(T) ~ T' ¥z (F13)

Thus the specific heat behaves as

Cimp(T) ~ 752, (F14)
and the critical exponent is
4 (F15)
a=-— .
n+2

In the special case n = 2, the second pole becomes a double
pole, and the free energy correction becomes logarithmic:

Cinp(T) ~ T In(1/T). (F16)

We now compute the magnetic field exponent § by analyzing
the zero-temperature impurity magnetization in the presence
of a small magnetic field H « Tk.

We begin with the ground state root density contribution to
the impurity in the Fourier space

njw|

ez (e —1)
(ell + D)(e"®l — 1)

The singularities of this function occur at
(1) w=irQ2m+1), m € Z from el +1 =0,
(2) o =" meZfrome" —1=0.

The closest pole to the real axis is

oM () = cos(dw). (F17)

2mi
Wy = —.
n

(F18)

This determines the large-A decay of the real-space impurity
root density

PIMP()) ~ e ) — oo, (F19)
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Now, at zero temperature, the applied magnetic field intro-
duces a Fermi cutoff at rapidity Ay, defined by the condition

1 1. (2
cosh(hs) ~ 7€ ~ % = Ay~ —In (g) (F20)
T

The impurity magnetization is then given by the integral over
the unfilled tail

MH) = /OO PP (M)A ~ /Do

_ n_
e 27-r)\/nd)L — e 271)LH/n‘

A A 2
(F21)
Substituting the expression for Ay, we obtain
m —2/n
M(H) ~ (-) o H*/", (F22)
H
Hence, the magnetic exponent is
n
Omag = R (F23)

In the limitd > 1, the kernel K;(¢) = cnsh({1+ﬂd) + Cosh({l_nd)
consists of two peaks sharply localized around ¢ = +nd.
Each contributes independently to the free energy, and the
integrand e~ 7 “*h¢ is dominated near these peaks.

Focusing near ¢ =nmd, set x:=¢ —md. Using
cosh(x + md) & 1e™™ for d > 1, we find e~ 7 ~

exp(—%e”d“). Define the Kondo scale Ty := %e”d SO

that this becomes exp(— %e"). Similarly, expanding near
¢ = —mnd yields a symmetric contribution exp(—%e‘x).
Combining both gives

T}

T o0 X —x
Finp(T) = _E/ dx[e‘T?Ke te 1]
—00

. (F24
cosh x ( )

Defining r := T /T, the impurity free energy becomes
Fimp(T) =T- f(t)a

1 o x —
f@) = _5/700 dx[efe /t +e /t]

. (F25
coshx (F25)
This scaling function f(¢) captures the universal crossover in
the d > 1 regime and depends only on 7' /Tx as mentioned in
the main text.

1. Some remarks on boundary infrared fixed point
and conformal field theory

The low-temperature behavior of the multichannel Kondo
model with a gapless bulk is governed by a nontrivial infrared
fixed point described by an SU(2), Wess—Zumino—Witten
(WZW) conformal field theory. The spin sector is described
by the affine algebra 511(2),, whose integrable highest-weight
representations arise as quotients of Verma modules by null
submodules. These exist only for j = 0, %, L,..., 3, yielding
exactly n + 1 primary fields. The truncation ensures unitarity
and modular covariance, leading to a finite modular S matrix

2 . (Q2j+DQRi+ Dr
sin .
n+2 n+2

Sji= (F26)

In the Affleck—Ludwig boundary CFT framework, each con-
sistent conformal boundary condition is labeled by one

of these primaries. The impurity contribution to the zero-
temperature entropy is given by the logarithm of the quantum
dimension

Soj _ sin (5557)
S()() - sin (nﬂ?)

Simp =1In dj, dj = (F27)

The quantity d; measures the effective degeneracy of the
boundary state and is generally fractional for n > 2. Its non-
integer value reflects the nontrivial fusion algebra and the
fractionalized impurity degrees of freedom at the infrared
fixed point. The same conformal data determine the scaling
dimension of the spin operator
A 2 F28
Cn+2 (F28)
which governs the boundary spin correlations. Thus the uni-
versal low-energy physics—including the residual entropy
and the critical exponents—is fully determined by the SU (2),
WZW conformal field theory describing the infrared fixed
point.

In the thermodynamic Bethe Ansatz (TBA) formulation,
the same quantity d; emerges directly from the exact solu-
tion of the microscopic Hamiltonian. Starting from the Bethe
Ansatz equations, one canonically diagonalizes the many-
body Hamiltonian by introducing rapidities {A,} satisfying
coupled algebraic equations determined by the scattering
phase shifts. Each admissible set of rapidities corresponds to
an eigenstate, and the full partition function is obtained by
summing over all allowed Bethe configurations.

In the scaling limit, the system is described by integral
TBA equations for the pseudoenergies €,,(1) of the string
species m = 1, ..., n. The impurity contribution to the free
energy is extracted as a boundary correction to the bulk ther-
modynamic potential,

Fp(T) = —TZ/dAam(A)ln(l + e @) (F29)
m=1

where a,,(1) are known kernels derived from the Bethe scat-
tering matrix. At low temperature, the €,,(1) satisfy coupled
integral equations whose infrared fixed point encodes the
residual degeneracy of the screened impurity.

Evaluating the free energy in the limit 7 — O gives the
impurity entropy

0 Fimp
or T—0

Simp = — = Indj, (F30)
with the same d; that appears in the SU(2), WZW theory.
Specifically, in the UV, the impurity behaves as a free spin of
dimension 2S + 1, while in the IR, the bound-state structure
implied by the fusion hierarchy yields an effective degeneracy
proportional to

ia (2D

sin (~—5—
d; = (—;2) (F31)

Sin (m)
The Bethe Ansatz solution first revealed the presence of this
universal number through the exact canonical diagonaliza-
tion of the Hamiltonian and the explicit summation over all
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eigenstates to construct the full partition function. In the ther-
modynamic limit, the analysis of the TBA equations showed
that the impurity entropy saturates at a noninteger residual
value, indicating an overscreened fixed point. It was only later
that Affleck and Ludwig provided the conformal field theory
interpretation, identifying this number with the logarithm of
the quantum dimension in the SU(2), WZW model. Their
work demonstrated that the critical point uncovered micro-
scopically by the Bethe Ansatz corresponds precisely to an
SU (2), conformal fixed point, with the same fractional degen-
eracy and scaling exponents predicted by the WZW conformal
data.

In the present case, the situation is more subtle: the bulk is
no longer conformal due to the presence of a finite mass gap,
yet the impurity entropy remains equal to Ind; over a wide
range of parameters and low temperatures. This persistence
of the fractional boundary entropy indicates that, even though
bulk conformal invariance is broken, the impurity degrees of
freedom continue to flow to an effective SU(2), boundary
fixed point for a large parametric regime. As the parameters
are further tuned, a quantum phase transition occurs beyond
which the impurity is no longer overscreened and instead
retains its full In2 entropy at low temperatures, signaling a
return to a decoupled, local-moment regime.

As shown in the main text, the Bethe Ansatz uncovers
this transition microscopically through a change in the struc-
ture of the excitation towers: new boundary scales emerge,
and some of the low-lying towers are lifted in energy. This
reorganization of the Bethe spectrum encodes the crossover
from the fractionalized to the fully localized impurity
state.

It would be interesting to reexamine this behavior from the
perspective of perturbative boundary conformal field theory.
When the bulk coupling g = 0, the infrared criticality is well
understood in terms of the SU (2),, WZW model, as discussed
above. However, for g # 0, conformal symmetry is broken
in the bulk in the IR due to the opening of the gap in the
spin sector, and the full spectrum is no longer conformal—
correlation functions acquire finite correlation lengths and the
continuous tower of conformal descendants is replaced by dis-
crete gapped excitations. Nevertheless, because the impurity
entropy continues to take the value Ind; across an extended
regime, some remnant of the boundary conformal structure
may persist. Understanding how this residual structure sur-
vives in the presence of a nonconformal bulk, and how it can
be captured as a deformation of the boundary CFT by relevant
bulk operators, would be an interesting direction for further
analysis.
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