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We study a dephasing many-body open quantum system that hosts, together with the infinite-
temperature state, another additional stationary state, that is associated with a nonextensive strong
symmetry. This state, that is a pure dark state, is exceptional in that it retains memory of the initial
condition, whereas any orthogonal state evolves toward the infinite-temperature state erasing any
information on the initial state. We discuss the approach to stationarity of the model focusing in particular
on the fate of interfaces between the two states. A simple model based on a membrane picture helps
developing an effective large-scale theory, which is different from the usual hydrodynamics since no
extensive conserved quantities are present. The fact that the model reaches stationary properties on
timescales that diverge with the system size, while the Lindbladian gap is finite, is duly highlighted. We
point out the reasons for considering these exceptional stationary states as quantum many-body scars in the

open system framework.
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Introduction—The eigenstate thermalization hypothesis
(ETH) stands as a cornerstone in condensed-matter physics,
as it describes in simple and physical terms the emergence
of thermal features in the late-time dynamics of closed
quantum systems [1-5]. In the last years, exceptional
dynamics that escape thermalization by retaining memory
of the initial conditions have been identified as a primary
mechanism for violating the ETH, via rare eigenstates
dubbed many-body quantum scars [6—11]. The broad goal
of this Letter is to study a similar phenomenon in
Markovian many-body open quantum systems (MBOQS)
[12,13], discussing a specific dephasing model.

The late-time behavior of Markovian MBOQS [14,15]
has recently attracted a great deal of attention [16-23]. In
the absence of any strong symmetry [24,25], one generi-
cally expects a unique stationary state that is progressively
approached from any initial state. This leads to the
complete erasure of any information on the initial state,
a behavior that resembles closely the ergodicity that always
accompanies thermalization in closed systems. Whether a
MBOQS could also withstand an exceptional stationary
state is something that has not been discussed yet.

In this Letter we study a one-dimensional dephasing
model where the infinite-temperature (mixed) state and the
fully polarized (pure) state are the only stationary states.
The latter is a dark state of the model, but we argue that
additionally it plays the role of a scar in this MBOQS
because it is not protected by extensive strong symmetries
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[26]. In fact, it is protected by a nonextensive symmetry: no
spatial density of conserved quantity exists that could give
rise to transport phenomena. Given that we can also
demonstrate the presence of a finite spectral gap of the
Lindbladian, these considerations rule out the presence of
hydrodynamic slow modes. Nonetheless, we show that the
interface between the two stationary states diffuses accord-
ing to the physics of a fluctuating membrane, in a scenario
characterized by long relaxation times, and we show how it
is consistent with the finite Lindbladian gap (see also
[27-30]).

The model—We consider a one-dimensional spin-1/2
chain of length L whose density matrix p evolves according
to the Lindblad master equation

d

. 1
Sp = Llpl = =ilt.p) + Y LipL] =5 {LiL.pk. (1)
J

with jump operators L; = |/yo; and Hamiltonian

H =Y Jofo7,, +Hc]+ gloins,, + mict, ). (2)
J

where n;?‘ =1- 67, for a = x, y, z. Here, J is the strength
of the nearest-neighbor hopping term, while g multiplies
the East-West Hamiltonian [31], according to which a spin
can be flipped only when a neighboring spin is in a || )
state. The dissipation occurs at a rate y and it is associated
with the decay of coherence in the z-polarized basis;
as such it is naturally interpreted as a dephasing process.
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For g = 0 the model can be solved analytically with Bethe-
ansatz techniques [32], and, unless otherwise specified, we
focus here on g, J # 0.

Stationary states—The infinite temperature state p,, =
1/Tr[1] is a stationary state of (1), as a consequence of
L;= L]T.. Furthermore, given the specific choice of the
Hamiltonian and dissipation the pure state py = |1) (1|
associated with all spins aligned along the z axis, is also
stationary and is a dark state of the model [33]. Note
that the two states are not orthogonal according to the
Hilbert-Schmidt scalar product (p, 7)y5 = Tr[p'z] because
(P4+Poo)us = 2755 hence it is convenient to consider
P = (1—=p4y)/Tr[1 = py], which is orthogonal to p4
but whose local properties differ from those of p,, by a
term that is exponentially small in the system size.

We point out that p4 is technically a strong symmetry
(i.e., a conserved quantity of the MBOQS [24,25]) of the
model, meaning that it commutes with both H and L; V j;
nonetheless, since it cannot be written as » ;4q;> with g; a
local operator, it is nonextensive. When g = 0, instead, the
total magnetization is an extensive strong symmetry.

No additional states are stationary. To prove that,
we consider the Lindbladian £, which is a linear non-
Hermitian superoperator, and study its complex spectrum,
plotted in Fig. 1(a), obtained with the exact-diagonalization
(ED) of a spin chain of size L = 6. The calculation is
performed with the open-source Python-framework QuTiP
[34,35]. The inset shows that the eigenvalue 4 = 0 is two-
fold degenerate, and we have checked that the two
associated eigenvectors can be identified with p,, and
p4q- This feature is compatible with properties of the
commutant algebra [21,26,36,37] of the model, derived
in the End Matter (EM) and detailed in Supplemental
Material (SM) [38].

The numerics allows us also to conclude that the
Lindbladian spectral gap, A = min,_o|Re[]| does not close
with system size, and specifically that it has a large-L
scaling A(L)~A+ (A;/L?) with Ay #0 whenever
g # 0. [We remark that, at g = 0 the degeneracy of the
eigenvalue 1 = 0 is enhanced, due to the U(1) symmetry
associated with the conservation of the magnetization along
the z axis.] The numerical scaling of A(L) is presented in
Fig. 1(b) for sizes up to L = 12. The specific value of A
depends on the choice of open versus periodic boundary
conditions; see EM.

Dynamics—We argue that any initial pure state |y) that is
orthogonal to |{}') must relax eventually toward pl,. The
approach to pl, can be quantified by the normalized
Hilbert-Schmidt scalar product

Trlpop(1)]
VTrlpg] Tr[p(1)?]

that generalizes the scalar product |(y/|y')|* (which holds
for pure states). Since p,, and p(¢) are positive and
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FIG. 1. (a) Lindbladian spectrum for the following parameters:

[/,g9,7,L] =1[0.5,0.5,1,6]. Inset: real parts of the eigenvalues
closest to zero, labeled by the index i. (b) Lindbladian gap A as a
function of 1/L? for L € {6, ..., 12}. The results are compatible
with a scaling A(L) = Ay + A;/L? + o(L™?). The three curves
correspond to different sets of parameters: [J, g, 7] = [0.5,0.5, 1],
[0.5,0.5,3], or [0.5,0,1]. For both panels (a) and (b), open
boundary conditions are considered.

Hermitian operators, 6 (z) >0. Moreover, by the
Cauchy-Schwartz inequality 0,,(z) <1 and 0, (¢) =1 if
and only if p(7) = pl, in particular, whenever (y|{) = 0,
0..(1) is expected to converge to 1 at sufficiently large
time 7.

We employ the ITensor Julia library [41,42] and develop a
tensor-network representation of the density matrices pl,
and p(t), where the latter is computed with an algorithm
based on the time-dependent variational principle [43,44]
that integrates the dynamics (1); see EM for details. The
scalar product 0 () can be efficiently computed and we
can study chains of length L = 40.

Our results are plotted in Fig. 2(a) and demonstrate the
time-evolution towards pl, of three initial states orthogo-
nal to |{}), namely the fully-polarized state ||}) with all
spins in the ||) state, the antiferromagnetic Néel state
INéel) = |11 ...), and the state [P LI ...). We
also verified numerically the fact that |{}) is stationary and
retains 0, () = 0 at all times.

These results highlight the separation of the Hilbert
space into two disconnected subspaces. On the one hand,
we have the state |{) and the associated subspace S;. On
the other hand, the subspace 7° s orthogonal to Sﬂ, 18
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FIG. 2. (a) Time evolution of 0, (¢) for the initial states ||},
[Néel), [t )))...), and |f}). The parameters are

[J,g9,7,L] =10.5,0.5,1,40]. (b) Time evolution of #(¢) for the
initial state |1...1 — 1...1). We observe that the upper bound is
saturated for g = 0.

characterized by a loss of information on the initial
conditions, and an eventual relaxation towards p’,.

We now show that any coherence between the two
subspaces 74 and S is lost exponentially in time by
introducing the quantifier

n(0) =Y elp(n))
)

lo)#| 1

g 4)

where {|6) } is a basis for the Hilbert space of the entire spin
chain composed of states that are simultaneous eigenstates
of all 6?; the sum is restricted over a basis of 7. With a
few simple algebraic passages, we obtain the following
suggestive rewiting: (1) = (1|p(12I) = (fp(1)| 1)
which proposes the simple interpretation of 7(z) as the
variance of the operator p(¢) on the state |{}), and proves
that the definition of #(z) is basis independent. By defi-
nition, 0 < #(f) < 1.

In the EM, we detail a few algebraic passages that
demonstrate the inequality (d/dt)n(t) < —4yn(t), and thus
that 5(¢) < 5(0)e~*", proving an exponential decay in time
of the coherence between the two subspaces associated
with the two different dynamics. We explicitly verified this
prediction on a system initialized in the state
|1...1 = 1...1), = denoting the spin aligned along the
x axis; see Fig. 2(b).

Open-system quantum many-body scars—The results
presented so far motivate the interpretation of |[{}') as an
open-system generalization of isolated quantum many-
body scars [31,45], as we are now going to explain.

We first remark that, in general, many-body systems can
possess extensive conserved quantities generated by local

densities, 0, = > j4a.,;j- For closed systems, the (general-

ized) Gibbs ensembles (...) o Tr[e” ZﬂQ] are the
stationary states determined the Q,s. They are crucial
for the appearance of a standard hydrodynamic behavior,
based on the description of the system in terms of local Gibbs
ensembles [46-48], with f3,(x,?) depending smoothly on
coarse-grained spatial and time variables. According to
strong ETH, these are the only possible stationary states
[3.4]; in particular, when only H is conserved, the eigen-
states of the Hamiltonian are expected to be locally indis-
tinguishable from Gibbs ensembles at the corresponding
energy density. Violations of such a scenario are possible,
for instance, via the presence of eigenstates whose local
properties are not described by Gibbs ensembles, and are
dubbed quantum many-body scars [9—11]. These states are
associated to nonextensive symmetries [26].

Following this analogy, we propose to identify scars in
MBOQS characterized by dephasing jump operators as
stationary states that are not protected by extensive
conserved operators. We have already seen that when
g#0, M) (1| is a conserved operator (strong-symmetry)
which is not extensive [45]: we identify |[{}) as an open
system quantum many-body scar. In contrast, for g = 0 the
conservation of the magnetization S%, which is extensive,
protects | ), and we refrain from calling it scar: it would
just be a dark state. Moreover, the absence of extensive
conserved operators rules out the existence of a standard
late-time hydrodynamics and of its slow modes; this is
compatible with the accepted expectation that the finite
Lindbladian spectral gap plotted in Fig. 1(b) should force a
relaxation on a finite timescale in the thermodynamic limit
(note instead that for g = 0 the gap is zero, compatibly with
the hydrodynamics of S¢).

Finally, we point out that a rigorous and widely accepted
definition of scars in MBOQS is, up to our knowledge,
absent, and different points of view on weak ergodicity
breaking in open quantum systems have been proposed in
Refs. [49-53].

Membrane diffusion of the interface—We now discuss
the existence of slow decay modes also in model (1),
notwithstanding the finite spectral gap and the absence of
hydrodynamics. We consider a bipartition protocol where
we juxtapose the infinite temperature state and the scar (on
the left/right half chain, respectively): with a slight abuse of
notation, we denote the initial state as p(0) = p, ® py. We
show the numerical results for the local magnetization
(65(1)) = Tr[o%p(1)] in Fig. 3, displaying a progressive
melting of the scar, as expected for the eventual thermal-
ization. However, the picture suggests that thermalization is
slowly achieved on a time-scale diverging as L; while the
diffusive broadening resembles standard hydrodynamics,
we have ruled out such scenario. We instead propose a
membrane picture [54,55] to describe the fluctuating
dynamics of the interface separating the two stationary
states.
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FIG. 3. Magnetization profile (¢5(#)) as a function of j and 7. The

initial state is obtained by joining the infinite-temperature state, with
support j € [-L/2 + 1,0], and the full-aligned up state along the z
axis elsewhere. The evolution is performed for the model in Eq. (1)
with the following parameters: [/, g,7, L] = [0.5,0.5, 1,40].

We are able to pinpoint analytically this picture in the
large-y limit of the dynamics (1) using the second-order
perturbation theory for g/y, J/y <1 introduced in
Ref. [18] for dephasing models. It is based on an effective
Lindbladian L. that acts onto the states p, = |6) (6],
which are easily proven to be the only stationary states
for g, J = 0 and thus determine the late-time dynamics ¢ >
y~! whenever g/y, J/y < 1.

The action of L onto a density matrix p(f) =
> s Ps(1)|6) (6], is most easily described using the Doi-
Peliti formalism that represents the density matrix p(¢) as a
vector [p(t)) = >, ps(7)|e) that satisfies the unconven-
tional normalization condition > , p, =1 [56,57]. The
Lindblad dynamics (d/dt)p(t) = Leg[p(t)] is translated
into the form (d/dt)|p(t)) = —W|p(t)) with the Markov
generator (see EM and SM [38])

2
‘g Z Z 4
+27E (72‘;71']5+] +7rj+,7rj+ﬂj_17r§7r§+l). (5)
J

Since the dynamics induced by W cannot be determined
analytically, we propose a simplified but analytically
tractable generator W = W —2(¢?/y) >, iy mim, with-
out terms coupling three sites. We also make a specific
choice of the parameters, namely, J?/4y =1/6 and
2¢%/y = 1/6: this allows us to provide rigorous estimates
for the spectral gap (see SM [38]) and exact calculations for
the interface dynamics.

We introduce the vector |*) =1 (|1) + || )), namely, the
local infinite temperature state, and we define the state
|x) =]e...e*1?1...1), representing an interface between

the positions x and x + 1. The states |x) are the essence

of the membrane picture. By explicit computation,
W|x) =|x) =3|x+ 1) —1|x — 1), and therefore the space
of single domain-wall states is closed under Markov
dynamics; in particular, the evolution reduces to a one-
dimensional Brownian motion with drift on the lattice,
which can be solved exactly using the Fourier trans-
form. The explicit solution is |p(f))=e "/|x=0)=
Yo p(x,0)|x) with p(x,t)= [" (dk/2x)exp(—e(k)t+ikx),
where (k) = 1 — cos(k) + (i/3) sin k. Here, p(x, t) is the
probability distribution of the domain-wall position; in the
large ¢ limit, we approximate it as

1 (x — vt)?
p(x,1) = meXp (‘ W) (6)

where v =1/3 and D =1, the drift velocity and the
diffusion constant, respectively, are defined by the small
k expansion &(k) ~ ivk + 1 Dk* + O (k).

The expectation value of the local magnetization oper-
ator o5 plotted in Fig. 3 has a simple representation using
membrane states, (o5(¢)) = > y; p(j,t); in the large-
scale coarse-grained limit where the discrete lattice site j
is replaced by a continuous variable x, it can be approxi-
mated by the error function

= [T lep(-5). @)

In general, at late times, we can interpret the local state
across the interface as a statistical mixture of the two
stationary states.

In Fig. 4 we show that the membrane picture gives an
accurate description of the dynamics and show that the
interface is actually evolving via a diffusive broadening
with drift, even if we are not in the large-dissipation limit of
the analytical picture and we simulate the full Lindbladian.
The collapse of the data presented in Fig. 3 against the
rescaled variable (x — vr)/ \/Dt, where v and D have been
fitted, is excellent. In order to show that this behavior is not
a peculiar feature of our model, in the SM [38] we present
numerical simulations for the other two models.

Late-time asymptotics and spectral gap—We conclude
by reconcyling the slow dynamics we just computed with
the presence of a finite Lindbladian gap A, following a
reasoning that is reminiscent of Ref. [29]. In general, A is
interpreted as a finite asymptotic decoherence rate [14,15],
or, equivalently, as a typical timescale 7, ~ 1/A, that does
not depend on the system size and that gives an upper
bound to the time that is necessary for the system to reach
stationarity. On the contrary, our numerics in Fig. 3 and the
membrane analytical picture show that the thermalization
of the interface requires a timescale that necessarily grows
with the size of the system (v and D are finite in the
thermodynamic limit). This suggests that the identification

020406-4



PHYSICAL REVIEW LETTERS 135, 020406 (2025)

. . . 20.0
1.0 e r
Vs 17.5
0.8 )’/ r
15.0
=06 /
;b.; /{' 12.5+
~ 0.4 :I
J 10.0
0.21 Y
/,’/ 7.5
00 «i—:q-x-x-l-r—x-;‘eé’/’,/
5.0

25 00 25 5.0
(j —vt)/Vt

-5.0

FIG. 4. Profile of the magnetization shown in Fig. 3 as a
function of the scaling variable (j — vt)/+/t. The rescaled data
collapse onto the universal function described by Eq. (7),
represented by the red dashed line. The velocity v is
determined by interpolating numerically, at each time ¢, the
position x where the profile satisfies (o5(z)) = 0.5. The
diffusion constant D is a fit parameter. Here, v ~0.453 and
D ~ 1.33. Parameters used: [/, g,7,L] = [0.5,0.5, 1,40].

of the bona fide asymptotic decay rate in a MBOQS
requires a careful study not only of the Lindbladian spectral
properties, but also of the size-dependence of the decom-
position of initial states onto the eigenvectors of the
Lindbladian [27-30].

To do so, we investigate the finite-size behavior of the
interface dynamics; specifically, we focus on the spectral
properties of the Markov operator W with open boundary
conditions. We express the evolution of a local observable
O, with |x,) the initial interface state, as

(O(1) = {O(1 = w0)) = _e='(1|Oln) (iilxo). (8)

n#0

Here, ¢, are the eigenvalues of W, {|n)},, {(7i|}, its right/
left eigenvectors respectively [58] and (1] := > (c|. We
checked that the matrix W has a real spectrum even if it is
nonsymmetric, and its nonzero eigenvalues are separated
by a finite gap A. As a consequence, we estimate an
eventual exponential decay of (8) via

(O(1)) = (Ot = o0))| < €72 |(1|On)(iilxo)|.  (9)

n#0

However, the magnitude of the matrix elements appearing
above grows exponentially in the system size as
|(11O|n)(7i|xg)| ~ e°X) in a phenomenology related to that
of the non-Hermitian skin effect [59] (details are in the
EM). As a consequence, the bound (9) can only be useful
for timescales > L and is otherwise too loose. This
explains the apparent discrepancy between the spectral
gap and the relaxation time of local observables.

Conclusions—We have discussed a MBOQS dephasing
model with an exceptional stationary state |{}) that retains
the memory of the initial condition while any other initial
state relaxes toward the infinite-temperature state pl,. We
have employed this model to stress a viewpoint on quantum
many-body scars in open systems based on the absence of
extensive strong symmetries and of the associated longtime
hydrodynamics. Nonetheless, the scar is proven responsible
for a slow-relaxation phenomenon that is based on the
membrane diffusion mechanism. The Letter opens the path
toward the study of dynamics in the presence of exceptional
stationary states, the universal features of the longtime
dynamics, and their relation with the spectral properties of
the Lindbladian [13,60,61].
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End Matter

Commutant algebra—We discuss the properties of the
commutant algebra (reviewed in [36,37]) associated with
the model in Eq. (1) of the main text. Such analysis is
particularly useful for open quantum systems, as shown
in Ref. [21], since it allows us to identify in general a

set of (both local and nonlocal) symmetries associated
with the terms appearing in the Lindbladian for a
generic choice of the couplings. For instance, given the
Hamiltonian H =} ;h; and the local dissipators Lj,
one defines the commutant algebra C
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C={0][0.h)]=[0.L]=[0.LT]=0 V¥ j}. (Al

We observe that the dissipators of (1) are Hermitian,
Lj- =L; and both 1 and [f)(ftf| belong to C.
Specifically, one can show that C = Span{Tl, |f)(1|}.
meaning that these operators generate the entire
commutant algebra. We sketch the proof here: (i) Since
we are interested in g,J #0 being generic, we will
focus on operators that commute with both the hopping
and the East-West term in the Hamiltonian. (ii) We
identify the operators that commute with aj,aj P (1-

cj)oj (1

check that these also commute with 0’j+0f+1 +0]Taf+1.
(iii) Finally, one intersects progressively the spaces of
operators introduced above over the site index j.

The result of this procedure, which can be obtained using
induction over the length of the chain, gives precisely
Span{1. |f1){}.

As a final remark, we point out that, for specific choices
of the couplings, as for example g =0 (where » jo° 18
conserved), additional symmetries can be present and the
commutant algebra becomes larger: we consider that as a
fine-tuning. In particular, since C C ker £ [from the defi-
nition (A1)] and a double degeneracy of the zero eigenvalue
is observed at g, J # O (that is, ker £ = Span{T, [f1) (| }).
one safely concludes that C = Span{l,|f)(f|}.
Additional details are given in SM [38].

—o0%,,)o] at a given position j. One can

Spectral properties of the Lindbladian—Here, we
discuss the spectral properties of the Lindbladian in
Eq. (1). We first, summarize the main steps to obtain the
effective Markov generator W in Eq. (5), in the limit of
small g/y, J/y. The method is based on second-order
perturbation theory on the Lindbladian, and it has been
employed in [18].

(i) One first identifies the spectrum of the dissipator,
found for g,/ = 0 in Eq. (1). An explicit calculation shows
that matrix elements of the form |6) (6’|, with 6,6’ spin
configurations in the z-direction, are eigenvectors and their
eigenvalue is proportional to the number of mismatches
between ¢ and ¢’. (ii) In particular, in the absence of
perturbation, the manifold of stationary states, associated
with 4 = 0, is generated by the diagonal elements |o) (0.
For small g, J # 0, the large degeneracy of the Lindbladian
is lifted and, at the lowest order, the effective
couplings between unperturbed eigenvectors are given
by virtual transitions onto unperturbed -eigenspaces.
(iii) Specifically, from the effective couplings between
the diagonal elements |6) (6|, one can identify an effective
Lindbladian which describes the low spectrum of £ (and
having the same matrix elements of —W). This allows us to
reduce the complexity of diagonalizing a 4% x 4 matrix,
associated with £, to the diagonalization of a 2F x 2F
matrix, corresponding to W, as far as the low-spectrum is
concerned.

The explicit calculations to obtain the expression of W
are straightforward but lengthy, and they are reported in SM
[38]. As a by-product, we perform a numerical check and
we compare the spectrum of £ and that of —W obtained via
exact diagonalization using the open-source Python package
Quspin [63,64]; in Fig. 5 we show the results for L = 4,
with [g,J,y] = [0.5,0.5, 100].

We now discuss the properties of the lowest energy states
of the Markov generator above the ground state manifold.
First, we observe that W > 0 and has |{}) and | =), with
every spin aligned along the z and x axis, respectively, as
exact eigenstates with vanishing energy (corresponding
with the exceptional stationary state and the infinite
temperature state, belonging to the kernel of the
Lindbladian). Being this operator gapped, as shown
numerically in Fig. 1, one expects that its first excited
states correspond to domain-wall excitations, interpolating
between the two ground states, at given momenta (a
property that we found analytically, using the techniques
introduced in Refs. [39,40], for the simplified model W
introduced in the main text): while this is formally correct
for infinite systems, carefulness is needed for finite
systems, and the choice of boundary conditions plays a
role. For instance, while a single domain wall can be
present with open boundary conditions, only an even
number of them can be hosted in the periodic chain: this
is analogous to the properties of the spectrum of the
quantum Ising chain [65]. As a consequence, the origin
of the spectral gap is traced back to a one- or two-domain

0.100 : = : : :
1 3 ° 3 L o Spectrum of —W
Py . . ® Spectrum of £
0.0751 =
’ = (0-e . ° . -
>—IS L] L]
0.050 1 —11 8 .- ¢ L
T U T
—500 0
0.025 1 °
? Re(\)
< 0.000] # . - + 4 8
0025
0.0 'l"'.......‘_
—0.050{ < —0-17 Lo ST
= 2
—0.21 L
—0.0751 .
7
—0.100 T T T T T
—0.20 —0.15 —0.10 —0.05 0.00
Re(A)
FIG. 5. Comparison between the slow decaying modes of the

Lindbladian £ and the spectrum of the effective Hamiltonian —W.
The parameters are [J, g, 7, L] = [0.5,0.5, 100, 4]. In the top inset,
the full spectrum of L is represented. In the bottom inset, we
show the real part of the slow decaying modes labeled by the
index i.
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FIG. 6. Lindbladian gap A as function of 1/L? for L€
{6, ..., 12} and periodic boundary conditions.

wall excitation with the lowest possible momenta (allowed
from the quantization induced by the boundary conditions),
for the open/periodic chain, respectively. While the pre-
vious discussion refers to the Markov generator, we expect
that similar properties holds for the Lindbladian. In
particular, a discrepancy between the spectral gap with
the two aforementioned boundary conditions is explicitly
observed: in Fig. 6 we show the results with periodic
boundary conditions, that have to be compared with those
in Fig. 1.

Details on the tensor-network numerical computations—
Here, we give some details on the implementation of the
tensor-network numerical simulations. We vectorize the
density matrix p, as done in Refs. [66,67]. In this
representation, the Lindbladian £ becomes a linear
operator. We represent the vectorized p as a matrix-
product state and £ as a matrix-product operator. The
time evolution is performed using the time-dependent
variational principle (TDVP) [44,68,69]. In this way, we
are able to simulate chains of L = 40 sites up to time ¢ =
30 for [J,g,y] =1[0.5,0.5,1]. The bond dimension, the
number of sweeps and the time step used in all this Letter
are y = 200, ngyeeps = 5, and 61 = 0.1, respectively.

On the exponential loss of coherence between S and
T —We discuss here the exponential loss of coherence
between |{) and the states orthogonal to it, expressed
by the quantity 7(¢) in Eq. (4). To study its behavior, we
consider the evolution of (¢|p(¢)|f)), with |6) #|f}). A
simple calculation, starting from Eq. (1) gives

<o)
= (ol ~ilH.p()] +73 (G0 ~p()I1). (DY)

Using H|t) = 0 and &3|}) = |), we express

d

7 (D2)

(elo(0t) =~ > (slKle')e'lo(1) 1)

o)1)

with K=iH+y) ;(1-07). In other words, the
evolution of (6|p(1)|1)), seen as a column vector with
entries parametrized by o, is ruled by the matrix K. We
observe that K + K™ =2y >~ .(1 —67%), and therefore the
eigenvalues of K+ K' are >4y in the subspace
orthogonal to |f}). As a consequence, the entries of
(6]p(1)|) are expected to decay exponentially with a
rate proportional to y. A quantitative estimate can be
provided for the quantifier #(¢) and, after straightforward
algebra, we obtain

~ L) = (Rp()(K + K] = 4m).

7 (D3)

which implies 7() < e=*'5(0).

Finite-size matrix elements of W and non-Hermitian
skin effect—We discuss the matrix elements entering
Eq. (9). We first remark that the space of 1-domain wall
configurations is closed under time evolution induced by
W thus, it is sufficient to project W onto the associated
sector, of dimension L, and diagonalize the resulting
L x L matrix. Its diagonalization can be performed
efficiently, as it reduces to a single-particle problem with
open boundary conditions.

A similar problem appears in the Hatano-Nelson model
[70], which is a non-Hermitian free fermionic chain; there,
the imbalance between the left and right hopping rate is
known to result in the localization of the eigenfunctions, a
mechanism known as non-Hermitian skin effect [71,72].
The same phenomenology is found in our model and, in
particular, we have checked that the right/left eigenfunc-
tions are localized around the right/left boundary respec-
tively. This is sufficient to explain the exponential growth
of the matrix elements in Eq. (9), as we explain below.

Let us consider a simple ansatz (x|n) o e ¥E=9)_ (ji]x)
e ® with k a complex number (depending on n) satisfying
Re(k) > 0. We focus on an observable with support on the
right of x, choosing for simplicity O = |x) (x|, correspond-
ing to the probability distribution of the interface at position
x. We estimate

—k(L—x) p—kxo k(x—xp)

e e

(110 (o) ==y e~

(E1)

where the denominator comes from the normalization
condition (7i|n) = 1. As a consequence, if x — xoy ~ L the
absolute value of Eq. (E1) is exponentially large in L.

Finally, we point out that while the sum in Eq. (8)
converges in the thermodynamic limit, the corresponding
sum of the absolute values in Eq. (9) diverges exponentially
in L. The origin of this discrepancy can be traced back to
the phases of the matrix element (E1), which are highly
oscillating as functions of n.
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