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Recent quench experiments on ultracold atoms in optical cavities provide a clean platform for studying
how long-range interactions in atomic media structure their nonequilibrium dynamics. Motivated by these
experiments, we provide a theoretical analysis of the quench instabilities that lead to the formation of
superradiance as the hybrid system is driven across the self-organization transition. Working with both
ultracold bosonic and fermionic gases, we compute the rate at which order forms and quantify the
fluctuations of the prequench state that seed the instability. Our results quantitatively match existing
experiments on free fermions and make predictions for quench experiments involving interacting Bose and
Fermi gases. Our Letter suggests that the nonlocal nature of the photon-mediated interactions generates
ordering dynamics that are qualitatively different than those observed in short-range interacting systems.

DOI: 10.1103/w2vx-t1mr

Introduction—How fast does order grow in a many-
body system as it is quenched across a quantum phase
transition? The answer to this question—demanding replies
from contexts as varied as cosmology [1], soft matter [2],
solid-state physics [3], and cold atoms [4–7]—is typically
constrained by locality. As a concrete illustration of locality-
constrained pattern formation, experiments on ultracold
Bose gases have observed the emergence of spatial structure
following quenches, including spin-domain formation in
spinor condensates [8,9], modulational instabilities [10,11],
and Kibble-Zurek defect formation [12,13]. In all these
systems, the growth of order is constrained by locality:
correlations propagate with a finite velocity set by micro-
scopic energy scales, and patterns emerge from the ampli-
fication and coarsening of local fluctuations. What
complications arise, then, when we ask the question in a
system with nonlocal interactions?
Recent experiments [14,15] investigating the quench

dynamics of ultracold quantum gases in an optical cavity
present an ideal laboratory for such questions [16–22]. In
these experiments, strong cavity-mediated all-to-all inter-
actions are engineered by loading quantum degenerate
atoms into a cavity and driving them with a transverse
pump [23–29]. Under sufficiently strong driving, the
initially homogeneous gas self-organizes to develop den-
sity wave order, which concomitantly supports the super-
radiant buildup of intracavity photons [27,30–33]. In the

quench experiments [14,15], the transverse pump power is
rapidly increased, bringing the system from the normal
phase to the ordered phase. Given the (weakly) dissipative
nature of the cavity, photons leak out of the cavity in the
superradiant phase [14,15]. Remarkably, the leaked pho-
tons provide a high-resolution in vivo probe, allowing
experiments to monitor the dynamics of superradiant self-
organization.
In this Letter, we calculate how fast the intertwined

density and superradiant orders develop in the system after
a quench, quantifying both the initial fluctuations that seed
the instability as well as the rate of the order’s exponential
growth. Leveraging linear response theory, we make direct
contact with experiments involving a wide class of atomic
media, matching growth rate measurements for dissipative
free fermions coupled to an optical cavity and predicting
rates for cavity quench experiments performed on interact-
ing bosons and fermions. We conclude by extrapolating our
theoretical results to regimes beyond current experiments,
commenting on how nonlocal interactions alter the dynam-
ics of ordering in many-body systems.
Model—We consider atoms in the lower energy internal

state of a two-component, quantum degenerate gas disper-
sively coupled to an optical cavity with wave vector kc,
which is transversely driven by a retroreflected laser with
wave vector kp [14,15,28,29] (see Fig. 1). In the rotating
frameof the pump, the effectiveHamiltonian is givenby [29]

H ¼ Hat þ
Δc

2
ðx2 þ p2Þ þHint; ð1Þ
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where Hat is a generic atomic (bosonic or fermionic)
Hamiltonian, Δc is the effective photon detuning (account-
ing for the collective dispersive shift from the atoms), and x,
p are photon quadratures. Hint is the fermion-cavity cou-
pling, given by

Hint ¼
ffiffiffiffi
N

p
ηðtÞx

X
Q

ðρQ þ ρ−QÞ; ð2Þ

where the atomic density operator at wave vector
Q∈ fk� ¼ kc � kpg is written as ρQ ¼ ð1= ffiffiffiffi

N
p ÞP

p;σ c
†
pþQ;σcp;σ , and c†pσðcpσÞ are atomic creation (annihi-

lation) operators that create (annihilate) an atom of momen-
tum p (and spin σ for fermions). While more involved
Hamiltonians can arise in realistic experimental settings—
accounting for, e.g., multiple cavity polarizations [29,33]—
Eq. (2) provides aminimalmodel for superradiant physics in
cavity-quantumgas experiments [34]. The coupling strength
ηðtÞ can be tuned by modulating the power of the transverse
driving field.We also temporarily neglect cavity dissipation.
In the absence of dissipation, the steady state of the system is

superradiant above ηc ¼ 1
2
fΔc=½

P
Q χðQÞN�g1

2 [29,31],
where χðQÞ≡ χðQ;ω ¼ 0Þ is the static atomic density
susceptibility at wave vector Q.
Instability rate—Having summarized the steady-state

phases of our system, we now consider a quench of the
light-matter interaction ηðtÞ from 0 to Λ ≥ ηC at t ¼ 0.
After a brief transient regime, density order rapidly forms,
growing as ρQðtÞ ≃ ρQ;0eΓt, while cavity photons simulta-
neously proliferate exponentially, as nðtÞ ≃ n0e2Γt in the
unstable regime [35]. We calculate the growth rate Γ by
studying the dynamics of the unstable, polaritonic collec-
tive mode within linear response, as is appropriate while the
exponentially growing order built up in the system is small
in comparison to its maximum value set by nonlinearities.
We begin by writing down the Heisenberg equations of
motion for the photonic quadratures in frequency space:
iωx ¼ Δcp; iωp ¼ −Δcx −

ffiffiffiffi
N

p
ηðtÞPQ ρQ. Next, we rec-

ognize that Hint has the form of the gedanken probe field
used to derive the fermionic density susceptibility within
linear response. Leveraging this association, we write
ρQ ¼ ffiffiffiffi

N
p

ηðtÞχðQ;ωÞx, where χðQ;ωÞ is the (dynamical)
atomic density susceptibility at frequency ω and wave
vector Q. We model the quench by taking ηðt ¼ 0þÞ ¼ Λ
and χðQ;ωÞ of a possibly interacting ultracold atomic gas,
initially uncoupled to cavity photons. The resulting fre-
quency of the polaritonic mode is

ω2 ¼ Δ2
c − 4Λ2NΔc

X
Q

χðQ;ωÞ: ð3Þ

Our self-consistency equation admits purely unstable,
imaginary solutions ω ¼ �iΓ beyond a critical coupling
Λc—see the Supplemental Material [36] for details. Using
the spectral representation, we can recast the self-consistent
equation for Γ as

1þ Γ2Δ−2
c ¼ 4Λ2N

Δc

X
Q

Z
∞

−∞

dω
π

ωℑχðQ;ωÞ
ω2 þ Γ2

: ð4Þ

Our analysis is completely general within linear response
theory, allowing for quantitative comparison with experi-
ments involving myriad atomic media (e.g., fermions or
bosons, free or interacting, homogeneous or harmonically
trapped, zero or finite temperature). We emphasize that all
relevant microscopic information enters via the density
response function χðQ;ωÞ.
Asymptotic insight into Eq. (4) can be gained by

considering the sum rules imposed on Im χðQ;ωÞ.
The low-frequency behavior of Im χðQ;ωÞ is constrained
by a generalized “finite-Q” compressibility rule arising
from the Kramers-Kronig relations on Im χðQ;ωÞ:R
dωω−1 Im χðQ;ωÞ ¼ πχðQÞ. This compressibility sum

rule can be used to find the critical quench strength
Λc ¼ 1

2
fΔc=½

P
Q χðQÞN�g1

2 ¼ ηc, as expected from the

FIG. 1. Instability rate. (a) Experimental schematic of pump
incoming at an angle Θ with respect to the cavity. For powers
above the phase transition, the system is superradiant, and the
atomic density orders at two wave vectors k�, given by cavity
and pump wave vectors kc=p, respectively. (b) The instability
growth rate Γ for 3D free fermions (FF) in units of the Fermi
energy EF as a function of the reduced quenched photon-fermion
coupling strength Λ=Λc for pump-cavity detunings Δc ¼ 15EF.
Dashed lines show contributions from the two ordering wave
vectors, jkþj ¼ 2.24kF and jk−j ¼ 0.36kF. For deep quenches,
the rate approaches a universal value, given by the f-sum rule
(dotted). The horizontal line indicates recoil energy, correspond-
ing to the speed limit of short-range interactions. The inset shows
the Ginzburg-Landau free energy across the phase transition.
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Ginzburg-Landau free energy picture (see Fig. 1). The
high-frequency behavior of Im χðQ;ωÞ, which dictates the
behavior of Γ for deep quenches (Λ ≫ Λc), is constrained
by the f-sum rule:

R
dωω Im χðQ;ωÞ ¼ πQ2=m. For

deep quenches—defined self-reflexively by the regime
in which Γ exceeds frequencies for which Im½χðQ;ωÞ�
is substantially supported—our self-consistency equa-
tion reduces to Γ2ð1þ Γ2Δ−2

c Þ ¼ ð8Λ2NER=ΔcÞ, where
ER ¼ ðk2

− þ k2þ=2mÞ. For deep quenches, this implies a
universal behavior of Γ invariant to all microscopic details
of the atomic gas besides ER.
If the cavity field and transverse drive are sufficiently

nonorthogonal,kþ ≫ k− [15]. As a result, χðk−Þ ≫ χðkþÞ,
and the collective instability is driven by the formation of
density order along k− for weak quenches. Per contrast, for
deep quenches, the instability arising from kþ dominates
the one arising from k−. Therefore, if kþ ≫ k−, there is a
dual nature to Γ which has an inflection point at large
coupling strengths, as shown in Fig. 1. By analyzing Eq. (4)
close to criticality, we can extract the critical scaling
exponents, classifying how the growth rate Γ depends on
the deviation from the critical point Λ − Λc. For systems
without zero energy excitations at finite momentum Q,
Im χðω → 0; QÞ ¼ 0, and the rate equation can be expanded,
giving Γ ∼ ðΛ − ΛcÞ12 the bosonic and attractive fermion
systems, in agreement with the dissipationless Dicke model
[37]. However, for systems with gapless excitations, such as
free fermion systems, the expansion fails forQ < 2kF, since
Im χðω → 0; QÞ ∼ ω, and the integral has finite contribution
from frequencies ω ≪ Γ. In this case, Γ ∼ ðΛ − ΛcÞ, differ-
ent from the usual Dicke exponent, which characterizes
bosonic and attractive fermionic systems. Notably, adding
finite temperature and dissipation also modifies the Dicke
scaling in physical systems, yielding Γ ∝ ðΛ − ΛcÞ [37], in
congruence with free fermions.
Seeding the instability—Having computed the growth

rate Γ, it is natural to ask, “How long does unstable growth
last?” To answer this, we begin by calculating n0 and
ρQ;0—prefactors for the exponentially growing photon
number and the density order—and compare them to
estimates for nsat and ρQ;sat, where we expect nonlinear
saturation effects to arise. To calculate prefactors n0 and
ρQ;0, we note that the instability is dominantly seeded by
the density fluctuations of homogeneous atomic gas [36].
We underscore that n0 is not a theoretical curiosity: a high-
throughput experiment should be able to quantify it.
We quantify how these density fluctuations seed the

instability by computing their power spectral density at the
instability frequency Γ. To do so, we turn to the Laplace
formalism, which allows us to propagate the linearized
Heisenberg evolution arising from Eq. (1), even in the
presence of an exponentially growing mode. In the
Supplemental Material [36], we provide a derivation of
the prefactor by leveraging the Kubo formula; we briefly
sketch our general derivation here. Within the Laplace
formalism, the photonic equations of motion become

sxðsÞ − xðt ¼ 0Þ ¼ −iΔcpðsÞ and spðsÞ − pðt ¼ 0Þ ¼
iΔcxðsÞ þ i

ffiffiffiffi
N

p
Λ
P

Q ρQðsÞ. For the atomic evolution,
we use the Kubo formula, which, upon Laplace trans-
formation, reads ρQðsÞ¼

ffiffiffiffi
N

p
ΛχðQ;sÞxðsÞþρ0QðsÞ, where

ρ0QðsÞ is the Laplace transform of the interaction picture
evolution of ρQðtÞ ¼ eiHattρQðt ¼ 0Þe−iHatt. Combining the
equations, we find that n0 is given by

n0 ¼
1

8

�
1

Γ2
þ 1

Δ2
c

�
Λ2Δ3

c

Λ2
c
P

QχðQÞ

×
X
Q

Z
∞

0

dω
ℑχðQ;ωÞ
ω2 þ Γ2

��
1þ Λ2Δ2

c

Λ2
c
P

QχðQÞ

×
X

Q

Z
∞

−∞
dω

ℑχðQ;ωÞω
ðω2 þ Γ2Þ2

�
2

; ð5Þ

and the density ordering prefactor ρQ;0 ¼ ð1= ffiffiffi
2

p ÞðΛ=ΛcÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½Δ3

c=
P

Q χðQÞðΓ2 þ Δ2
cÞ�

q
χðQ; iΓÞ ffiffiffiffiffi

n0
p

. For near-critical

quenches of free-fermion systems, the prefactors diverge
weakly with n0 ∼ logðEF=ΓÞ and ρQ;0 ∼ log1=2ðER=ΓÞ,
whereas for deep quenches, n0 ¼ 1

8
½2 þ ðΓ2=Δ2

cÞ þ
ðΔ2

c=Γ2Þ�½Γ2=ð2Γ2 þ Δ2
cÞ�2ðΔc=2ERÞ

P
Q SðQÞ, ρQ;0 ¼

ð1=2 ffiffiffi
2

p ÞðEQ=ERÞðΓ2 þ Δ2
c=2Δ2

c þ Γ2Þ, where SðQÞ is the

FIG. 2. Instability seeded by density fluctuations. The photon
number prefactor n0 as a function of the light-matter coupling Λ
for Δc ¼ 175EF and ordering wave vectors jkþj ¼ 3.7kF, jk−j ¼
0.59kF for a 3D unitary Fermi gas (dark blue), corresponding to
the experimental setup [15], and for jkþj ¼ 3.7n1=3, jk−j ¼
0.59n1=3 for weakly interacting bosons with 4πn1=3a ¼ 1, where
a is the scattering length and n is the density. The dashed lines
show the asymptotic behaviors for deep quenches. Inset: the
dependence of the density ordering prefactor on Λ for the k�
modes in the same parameter regime. The gray horizontal line
shows an estimate to the saturation value of density fluctuations.
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static structure factor of the atomic gas at wave vectorQ and
EQ is the recoil energy at momentumQ. The log divergence
for near-critical quenches arises from the fact that the
support of Im χðQ;ωÞ extends to ω ¼ 0. For weakly
interacting bosons or attractive fermions, the divergence
near criticality becomes n0 ∼ ð1=Γ2Þ and ρQ;0 ∼ ð1=ΓÞ,
whereas the deep quench seed expression remains the same,
reflecting the f-sum rule universality.
Our asymptotics suggest the nonmonotonic behavior of

n0 and ρQ;0 as a function of Λ, as shown in Fig. 2. For near-
critical quenches, we expect that dynamical fluctuations of
the order parameter in the Ginzburg-Landau potential with
a vanishing quadratic term diverge as the frequency goes to
0, implying a divergent prefactor as a function of Γ. In
contrast, for deep quenches, the growth rate is so fast that
the instability is sensitive only to the static fluctuations of
the gas described by SðQÞ. At the same time, the character
of the unstable polaritonic mode becomes more densitylike.
Thus, the prefactor—which carries a projection onto the
unstable mode—picks up a factor that scales with Λ.
As the polaritonic mode grows and photons proliferate in

the cavity, density modulations deplete atoms in the nodes
of the waves along Q. As ρQ approaches Oð ffiffiffiffi

N
p Þ, non-

linearities arise to penalize further depletion of the atomic
density, leading to saturation. While a more careful analysis
of this saturation is required, a strict upper bound on ρ2Q;sat

is set byN (∼105 in experiments), a full condensation of the
density mode along Q. Juxtaposing this upper bound on
ρ2Q;sat with ρ2Q;0, as plotted in the inset of Fig. 2, reveals a
dynamic range of at least 5 orders of magnitude immedi-
ately away from criticality. Thus, nonlinear saturation
effects are weak, and the (linear) instability should persist
for multiple decades of exponential growth. The inset of
Fig. 2 also reflects that ρkþ;0=ρk−;0 ¼ χðkþ; iΓÞ=χðk−; iΓÞ,
which implies that while for shallower quenches, the
prefactor for the k− mode is larger than that of the kþ
mode, the situation is reversed for deep quenches. Thus,
within our saturationmechanism, for near-critical quenches,
the k− mode should saturate first, while for deep quenches,
the kþ instability depletes the atoms faster.
Experimental implications—Existing experiments have

been performed only in fermionic systems and typically
operate in the regime where Δc=EF ∼ 100–300 and for
quenches up to Λ ∼ 5Λc [14,15], probing primarily the
region around criticality. The first condition implies that
dynamics of the cavity photon are irrelevant, and the
instability can be captured by studying quenches of
fermions interacting all-to-all with cavity photon-mediated
interactions. This, in turn, means that as a function of
Λ=Λc, Γ does not depend on Δc, a fact that is captured by
the negligibility of the Γ2Δ−2

c term in Eq. (4) in the
experimental regime. The second experimental circum-
scription implies that the scale of the instability rate is set
by ER, highlighting the atomic character of the instability.

Experiments also feature finite dissipation rates arising
from the leakage of photons from the cavity at a rate κ. We
can capture this straightforwardly by taking ω → ω − iκ in
Eq. (3) on the left-hand side but not on the right [36]. In
Fig. 3(a), we show results comparing quenches of weakly
interacting bosons (BEC) and free fermions as well as
different interacting fermionic systems, including unitary
Fermi gas (UFG) and superconducting state (BCS), corre-
sponding to experiments performed on near unitary Fermi
gases [15,29]. The response functions were computed using
the random-phase approximation [38,39]. As shown in
Fig. 3(b), distinctions between these rates arise from
qualitative differences in the dynamical susceptibility of
the atomic gases—compared to free fermions, interactions
lead to a sharp Bogolyubov-Anderson mode at ω ∼ csk−,
where cs is the sound velocity in the atomic gas. The

FIG. 3. Interactions and experiments. (a) Instability growth
rate Γ as a function of effective coupling in 3D for different
scattering lengths 1=kFa ¼ f−0.7; 0g, free fermions, and weakly
interacting bosons with 4πn1=3a ¼ 1. The quench strength Λ is
measured in units of Λ0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðΔcEF=NÞp ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔcn2=3=N2mÞ

p
� and

Δc ¼ 100EFð100n2=3=2mÞ for fermions (bosons), where m is the
bosonic mass. kþ ¼ 3.7kF and k− ¼ 0.59kF; kþ ¼ 3.7n1=3 and
k− ¼ 0.59n1=3 for bosons. The inset indicates the scaling of the
rate Γ close to criticality as a function of reduced light-matter
coupling Λ=Λc. (b) Low-frequency behavior of Im χðk−;ωÞ for
free fermions, weakly interacting bosons, and across the BEC-
BCS crossover within the RPA approximation. The vertical arrow
indicates the delta function corresponding to the bosonic sound
mode. (c) Comparison of the rate, calculated for free fermions
including cavity dissipation and trap averaging, with experimen-
tal data (see Supplemental Material [36] for details) [14].
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differences in the Λc across the interacting regime arise,
then, from the differences in the sound velocity across
the BEC-BCS transition. In Fig. 3(c), we make an explicit
comparison to experiments performed on dissipative,
harmonically trapped, free fermions [14]. We find good
agreement with experimental measurements upon account-
ing for trap induced density inhomogeneities [36].
Discussion—In our Letter, we articulate a linear stability

analysis that both captures the rate at which order grows
after a quench into the self-organized phase and quantifies
the fluctuations that seed the instability. Our theory is
quantitatively accurate in capturing existing experimental
measurements of the instability rate and makes predictions
for future experiments studying quenches in optical cavities
where the atomic gas is strongly interacting. Moreover, the
analytical tractability of the present setting in which a
couple of discrete unstable collective modes arise allows us
to elucidate various nontrivial aspects of many-body
instabilities—e.g., the changing character of the coupled
unstable modes that seed and saturate the order parameter
growth. We expect that the careful, experimentally verifi-
able theoretical considerations of such matters in this
simpler context will facilitate the analysis of more complex
settings in which there are a plethora of unstable modes.
Extensions of our analysis may be useful in interpreting

experiments that seek to optically control complex materi-
als. While experiments in this burgeoning field have probed
a wide variety of ordering dynamics, from charge density
order [40,41] to ferroelectricity [42,43] to superconductiv-
ity [44–46], theoretical modeling of such dynamical phe-
nomena remains limited in either microscopic detail due to
their computational intractability [47–50]. Extensions of
the formalism developed here could pave the way for a
tractable theoretical framework for understanding how to
stabilize nonthermal states of matter in solid-state settings.
Given the success of our theory in capturing experi-

mental measurements, we conclude by highlighting a
startling discrepancy between the growth rates that we
uncover herein and the growth rates of short-range inter-
acting systems where, for example in fermionic systems,
EF sets a local speed limit on the rate at which correlated
order can grow [7]. For deep quenches in our setting—
restricting our discussion to Γ ≪ Δc—Eq. (4) does not
provide a bound on the rate, allowing it to far exceed all
fermionic scales, including ER, which quantifies the
frequency at which the fastest local atomic response can
occur. Fascinatingly, for deep quenches, Γ ∼

ffiffiffiffi
N

p
.

To gain physical insight into this surprise, we can first
consider why local limits arise in, e.g., short-range fer-
mionic systems where EF cuts off the scale of the instability
rate. If the interaction is short range, the two-body relative
wave function can deform to avoid the cost of the two
particle interactions, a deformation that costs an energy of
EF. In contrast, the ordering dynamics of the cavity-Fermi
gas system is not only captured by mean-field theory, it

renders the (dynamical) idiosyncrasies of mean-field theory
physically manifest: the fermions each individually react to
the collectively determined mean field that is generated by
cavity photon-mediated all-to-all interactions. The lack of a
local limit on the growth rate is consistent with a panorama
of theoretical findings that complicate the Lieb-Robinson
phenomenology in long-range interacting systems [51].
Experiments to verify whether effects beyond our present
considerations set a limit on the rate are feasible and should
allow us to elucidate qualitative differences between non-
equilibrium dynamics in quantum many-body systems with
short- and long-range interactions.
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