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Finite size analysis for interacting bosons at the one-two dimensional crossover
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In this work, we extend the analysis of interacting bosons at 2D-1D dimensional crossover for finite size and
temperature by using the field theory approach (bosonization) and quantum Monte Carlo simulations. Stemming
from the fact that finite size low-dimensional systems are allowed only to have quasiordered phase, we consider
the self-consistent harmonic approximation to compute the fraction of quasicondensate and its scaling with
the system size. It allows us to understand the important role played by finite size and temperature across the
dimensional crossover for deciding the condensate nature. Furthermore, we consider a mean-field approximation
to compute the finite size effect on the crossover temperature for both weak and strong interactions. All the
physical quantities we discuss here provide essential information for quantum gas at dimensional crossover and
are directly detectable in cold atom experiments.
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I. INTRODUCTION

As a function of dimensionality, quantum systems can
show extremely different features: the lower the dimension,
the harder it is to have a stable order due to the enhance-
ment of thermal and quantum fluctuations [1–3]. Although
most systems are firmly rooted in a well defined dimen-
sionality, systems with strong anisotropies in one or several
directions can exhibit a behavior pertaining to several inte-
ger dimensions as a function of a control parameter such as
the temperature, or the scale at which the system is probed
[4,5]. Such a behavior has been observed in several condensed
matter setups such as weakly coupled fermionic chains [6]
and weakly coupled spin chains and ladders [7–9]. However,
in such systems, the anisotropy is fixed from the start by
the chemistry of the compound and handles to vary the pa-
rameters, such as applying pressure are few and difficult to
control.

Given their degree of control on the parameters of the
Hamiltonian [1,10–13] ultracold atoms are thus a perfect setup
to study such a phenomenon. The dimensionality of such
systems can be continuously controlled by optical lattices or
atom chips [10,13–15]. Recently, various experimental studies
have been carried out for bosonic systems at the dimensional
crossover, such as correlation evolution [16], anomalous cool-
ing [17], study of superfluidity [18–21], out-of-equilibrium
dynamics [12,22], and supersolid phases [23]. On the theo-
retical side, coupled bosonic chains have been analyzed for
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the 3D-1D dimensional crossover [24,25]. For the 2D-1D
crossover, the evolution of the one-body correlation function
have been studied in [16,26]. In addition to the behavior
revealed by the single-particle correlation functions several
questions remained to be understood, in particular, on the
nature of the quasilong-range order through the dimensional
crossover, since no true condensate exists in 2D at finite
temperature.

In this work, we thus extend our previous study of
the 2D-1D dimensional crossover [26] and focus on the
(quasi)condensate evolution by taking into account the finite
size and thermal effects. Combining a field-theory approach
(bosonization) with quantum Monte Carlo (QMC) simu-
lations, we study interacting bosons through the 2D-1D
crossover with finite size and temperature, with parameters
similar to the actual experiments in a cold atom setup. In
the strongly interacting regime, we study the scaling of the
quasicondensate fraction fc as a function of the system size
and see how it evolves in the different regimes of dimension-
ality and temperatures. This quantity is directly relevant for
experiments since it can be directly read from the time-of-
flight (TOF) measurement [16,27]. We also use a mean-field
approach to study the crossover temperature Tcross from a co-
herently coupled system of chains to the regime of uncoupled
1D chains, for both weak and strong interaction regimes by
recovering the similar scaling factor as predicted in the 3D-1D
case [28]. We further discuss our findings in connection with
the current generation of cold atom experiments, especially
comparing with the observed superfluidity [18,19] and zero
momentum fraction [16].

The paper is structured as follows. In Sec. II, we set the
playground by presenting the Hamiltonian and the observ-
ables. In Sec. III, we introduce the self-consistent harmonic
approximations used to compute the condensate fraction, the
mean-field approximation to compute the analytical crossover
temperature and quantum Monte Carlo (QMC) details. In
Sec. IV, we present and discuss the previously introduced

2643-1564/2025/7(1)/013021(12) 013021-1 Published by the American Physical Society

https://orcid.org/0000-0003-4274-0181
https://orcid.org/0000-0001-7069-718X
https://orcid.org/0000-0001-7409-5071
https://ror.org/01swzsf04
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevResearch.7.013021&domain=pdf&date_stamp=2025-01-07
https://doi.org/10.1103/PhysRevResearch.7.013021
https://creativecommons.org/licenses/by/4.0/


PIZZINO, YAO, AND GIAMARCHI PHYSICAL REVIEW RESEARCH 7, 013021 (2025)

FIG. 1. Sketch of the initial 2D Bose gas undergoing a dimensional crossover as the transverse potential V (r) = Vy = V0 cos2(ky) is
increased. The system first evolves from an homogeneous 2D system to a modulated 2D system. For large enough Vy, the system can be
approximated by an array of continuous 1D chains which are labeled with the letter j. The dashed thick lines represent the weak transverse
hopping t⊥ that connects different chains in the 2D plane.

observables in the presence of finite size and temperature. In
Secs. V and VI, we discuss on possible perspectives and the
relevance of our results.

II. MODELS AND OBSERVABLE

In cold atom experiments, the interacting bosonic systems
at the 2D-1D crossover can be described by a continu-
ous 2D gas with repulsive two-body contact interactions
subjected to a 1D lattice potential V (r), with r = (x, y)
the position of the atom (see Fig. 1). Its Hamiltonian
reads

Ĥ =
∑

j

[
− h̄2

2m
∇2

j + V (r̂ j )

]
+

∑
j<k

U (r̂ j − r̂k ), (1)

where r̂ j is the position of the jth particle and U the short-
range repulsive two-body interaction term. The 1D lattice
potential along the y direction has a single dependence on the
position component y which writes

V (r) = V0 cos2(2ky), (2)

where V0 is the potential amplitude and k = π/a is the lattice
vectors with a the lattice period.

The potential U (r̂ j − r̂k ) is controlled by the 3D scattering
length a 3D and the transverse confinement l⊥ = √

h̄/mω⊥
[29,30]. In practice, this means the 2D coupling constant g 2D

is written

g̃ 2D � 2
√

2π

l⊥/a 3D + 1/
√

2π ln
(
1/πq2l2

⊥
) , (3)

where g̃ 2D = mg 2D/h̄2 is the rescaled coupling constant
and q =

√
2m|μ|/h̄2 is the quasimomentum. In the fol-

lowing discussion, we take two examples of the strong
and weak interaction regimes, namely, g̃ 2D � 1.36 and
g̃ 2D � 0.05.

A. Bosonization framework

As shown in Fig. 1, in the very anisotropic limit [large
enough V0 (2)], the continuum Hamiltonian can be recast onto

a simplified tight-binding model

H = H0 + H1 = −t‖
N∑

j=1

∑
R

(ψ†
j,Rψ j,R + H.c.)

+ U
N∑

j=1

∑
R

n j,R(n j,R − 1)

− t⊥
N∑

j=1

∑
〈R,R′〉

(ψ†
j,Rψ j,R′ + H.c.) (4)

with H′ describing the single chains at position R with re-
pulsive interaction U and ψ j,R the bosonic operator. The
transverse hopping term t⊥ in H1 describes particles at po-
sition j hopping to nearest neighbor chains 〈R, R′〉. In the
field-theory treatment we express energy and distance in
units of t‖ and lattice spacing a, respectively. The initial
Hamiltonian is now approximated by an array of one dimen-
sional (1D) interacting chains, which are described within the
universality class of 1D quantum systems called Tomonaga-
Luttinger liquids (TLL) [2]. Within this paradigm, we absorb
the effects of interactions and thermal fluctuations. The theory
assures a description of the low-energy physics by intro-
ducing two smooth fields related by a canonical relation
[φ(x),∇θ (x′)] = iπδ(x − x′) where θ (x) and φ(x) represent
phase and density modulation respectively. In this phase-
density description, we define the bosonic single-particle
operator as ψ†(x) = √

ABρ(x)eiθ (x) with AB a nonuniversal
constants (see Sec. IV C for more details). We then use these
fields to bosonize the longitudinal component of the Hamilto-
nian which now reads [31]

H0 = 1

2π

∑
R

∫
dx

[
uK (∇θR(x))2 + u

K
(∇φR(x))2

]
(5)

and is fully described by two parameters u the velocity of
density excitations and K the Luttinger parameter which de-
pend on the amplitude and range of action of interactions. In
the limit of hard-core bosons (large repulsive interaction), we
have K = 1 and u = vF with vF the Fermi velocity [24,32].
Lowering the interaction strength, makes K larger up to
K = ∞ for noninteracting bosons. Up to an artificial cutoff 	,
the Hamiltonian is quadratic with a linear spectrum ω = ±uk.
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The coupling between chains in terms of the bosonic fields
reads

H1 = −t⊥ABρ0

∑
〈R,R′〉

∫
dx cos(θR(x) − θR′ (x)) (6)

with ρ0 the unperturbed density. Therefore, to study the di-
mensional crossover, we have to deal with a sine-Gordon
(sG) like Hamiltonian [33]. Therein, the system is treated
as continuous along the chains and discrete in the transverse
direction. The effect of t⊥ is to the build up coherence along
the transverse direction by meaning of fixing the phases.

B. Observables

In order to fully characterize the dimensional crossover
both analytically and numerically, we are particularly inter-
ested in studying the one-body correlation function

g1(x, Rj ) = 〈ψ (0, 0)ψ†(x, Rj )〉 (7)

with x and Rj the position indices along longitudinal and
transverse positions, respectively. This average encodes the
onset of order in the phase field θ in the system. In order
to compare with numerical results, we compute analytically
the correlation function within the self-consistent harmonic
approximation (SCHA), see Sec. III for further details.

The one-body correlation function allows us to study the
scaling of the condensation fraction

fc = n(k = 0)∑
k n(k)

(8)

for n(k) the Fourier transform (FT) of g1(x, Rj ). This quan-
tity measures the fraction of particles that condense at zero
momentum.

To complete our study, we compute also the crossover
temperature as a function of the transverse hopping

Tcross = Atν
⊥, (9)

which separates the system from being described by decou-
pled (incoherent) or weakly coupled (coherent) 1D tubes. This
temperature gives an energy scale below which the interchain
coupling cannot be neglected. Indeed, for small temperatures
T < Tcross, the system develops a 2D (quasi)ordered phase at
finite temperature due to the finite size.

III. METHODS

A. Self-consistent harmonic approximation (SCHA)

In order to solve Hamiltonian (6), we consider a variational
approach called the self-consistent harmonic approximation
(SCHA) [28,34,35]. The approximation is to make a quadratic
ansatz for the action

Svar[θ ] = 1

2βLxLy

∑
q,k⊥

G(q, k⊥)−1θ∗(q, k⊥)θ (q, k⊥) (10)

for q = (k, ωn/u) a vector with momentum k (along the chain)
and ωn the Matsubara frequency, while k⊥ is the momentum
in the transverse direction with u being the sound velocity.
Because the variational free energy F ′

var[G] always overes-
timates the real free energy F , the parameters G(q, k⊥) is

found by solving the minimization condition δF ′
var/δG = 0

(see Appendix A 1)

G−1(q, k⊥) = K

πu
(q2 + v2

⊥F (k⊥)),

v2
⊥ = πu

K
2t⊥ABρ0e

− 1
zβLx Ly

πu
K

∑
qk⊥

F (k⊥ )

q2+v2⊥F (k⊥ ) (11)

with F (k⊥) = 2(1 − cos(k⊥)) for a 2D system and the trans-
verse lattice spacing a⊥ = 1. The resulting v⊥ accounts the
coherence in the transverse direction and is found self-
consistently. Therefore the result is an effective quantum 1D
chain where, at low enough temperature, the transverse hop-
ping results is a correction on top of the free particle case.
Setting t⊥ = 0 or selecting large temperatures t‖ > T > t⊥
gives v⊥ = 0 meaning that, for the transverse direction, the
system is essentially governed by thermal fluctuations: the re-
sulting action Svar is the same as the one for isolated chains. If
the temperature is even higher than the hopping integral along
the longitudinal direction T > t‖, the system enters a thermal
state and the quantum fluctuations are out of the picture. This
means that the approximation is valid as long as t⊥ � 1 but
also T < t‖ [5], for the Boltzmann constant kB = 1.

Within the SCHA, the one body correlation (7) reads

gSCHA
1 (x, Rj )

= ABρ0 exp

{
− πu

LxLyK

∑
k>0,k⊥

1 − cos(kx) cos(k⊥Rj )√
u2k2 + v2

⊥F (k⊥)

× coth

(
β

2

√
u2k2 + v2

⊥F (k⊥)

)}
, (12)

where we take the single-particle operator to be ψ†(x, Rj ) ∼√
ABρ0eiθ (x,Rj ). It is important to recall that the y direction is

treated as discrete and is represented by Rj , which numbers
the chains. In order to obtain this result, we perform the exact
sum of Matsubara frequencies − 1

β

∑
ωn

1
iωn−C = ( 1

2 + fB(C)),

where fB(x) = 1
eβx−1 is the Bose distribution [36].

The correlation g1 is essential to address the effects of
temperature and finite size of the condensate fraction (8). In
the results section, we show how the finiteness of the system
gives rise to a nonzero condensate fraction by also investigat-
ing various values of Vy, which is a continuous parameter that
experiments nowadays can directly access.

B. Mean-field approximation: sine-Gordon

Alongside with the SCHA, one direct way of solving the
Hamiltonian (4) is to apply a mean-field (MF) approximation.
In principle, by studying the temperature dependence of v⊥
in (11), we should get the same result and indeed, the same
intuitive physics picture holds for both SCHA and MF. Here,
we explain how to get an analytical solution of the crossover
temperature Tcross from a MF approach which otherwise would
have been only numerical within the SCHA.

By directly decoupling the chains in the transverse direc-
tion, we replace ψ

†
j,R = 〈ψ†

j,R〉 + δψ
†
j,R with the condition

that (δψ†
j,R )2 � 1. The system is now represented by a
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sine-Gordon Hamiltonian of the form

H = H0 − 2t⊥z
√

ABρ0〈ψ†
j,R′ 〉

∫
dx cos(θR(x)) (13)

with z the number of nearest-neighbour (n.n) and H0 defined
in (5). The MF approximation reduced the description to one
effective chain where the n.n chains act as a bath via the order
parameter 〈ψ†

j,R〉.
The crossover temperature Tcross coincides with the mean-

field (MF) critical temperature T MF
cross above which the order

parameter �c ≡ 〈ψ†〉 = 0 and the bath is not acting on the
effective chain. In principle, these two temperatures do not
coincide [5], but in the limiting case of hard-core bosons, they
do. By observing that as we approach T MF

cross the order param-
eter approaches zero �c(T → T MF

cross) � 1, we perturbatively
compute the self-consistent equation [28]

1 + t⊥zgR
1

(
k = ω = 0, T � T MF

cross

) = 0, (14)

with gR
1 being the zero component Fourier transform of the re-

tarded correlation function g1(x, τ ) = 〈Tτψ
†(x, τ ), ψ (0, 0)〉

with Tτ the imaginary time order. In the thermodynamical
limit Lx → ∞, such averages 〈. . . 〉0 are well known quantities
and can be exactly computed in 1D systems for quadratic
Hamiltonians [2]. The crossover temperature now reads [28]

T MF,∞
cross = At

2K
4K−1
⊥ . (15)

The microscopic parameters are encoded in the pre-factor A =
[ zρ0

u ABα
1

2K sin( π
4K )( 2π

u )
1−4K

2K B2( 1
8K , 4K−1

4K )]
2K

4K−1 with B(x, y) =
�(x)�(y)/�(x + y) the Beta function, AB the field-theory
prefactor that depends on the specific microscopic model we
choose and α the built-in short distance cutoff. In the exact
result, we used the formula AB ∼ ( π

K )1/2K which is exact
within 10% [37]. The scaling, in the thermodynamic limit, for
hard-core bosons (K = 1) gives for the crossover temperature
T MF,∞

cross ∝ t0.66
⊥ , while for soft-core bosons (K � 1), we have

T MF,∞
cross ∝ t0.5

⊥ .

C. Quantum Monte Carlo

To carry out calculations beyond mean-field approxima-
tion, we rely on the ab init io quantum Monte Carlo (QMC)
calculations. Specifically, we use the path integral Monte
Carlo [38] with worm algorithm implementations [39,40] in
continuous space. It allows us to simulate strongly interacting
bosons in continuous potentials, which goes beyond mean-
field approximation and tight-binding limit. However, due to
the high cost of numerical operation time, it only allows us
to simulate a system up to hundreds of lattice sizes. Thus the
numerical and analytical approaches are complementary.

Similarly as in Refs. [16,17,26], we can simulate
Hamiltonian (1) at a given temperature T , 2D scattering length
a 2D and chemical potential μ. Then, we can compute the
particle density n, the superfluid fraction fs in both directions
and the momentum distribution D(kx, ky). The finite size con-
densate fraction fc can then be written

fc = D(0, 0)∑
j, j′ D

(
j 2π

Lx
, j′ 2π

Ly

) (16)

FIG. 2. The expected scaling, for the two extreme dimensional
cases, of the condensate fraction fc with system size along x direction
Lx and the various temperature regimes, with imbalanced system
sizes Lx � Ly and fixed system size ratio Lx/Ly = cst . (a) 2D ho-
mogeneous gas, Vy = 0Er. (b) Separated-1D tubes, Vy � Er. Here,
T x

BKT and T y
BKT indicate the Berezinskii-Kosterlitz-Thouless (BKT)

transition temperature for the x and y directions, correspondingly.

with j, j′ spanning all integers. In this manuscript, we use
the same QMC algorithm as Refs. [26,41,42]. More details
about the QMC techniques can be found in these references
as well as the Appendix of this paper. Notably, for the QMC
calculations in the following, we always use the lattice spacing
a and the corresponding recoil energy Er = π2h̄2/2ma2 as the
space and energy units.

IV. RESULTS

In this paragraph, we discuss the observables which are
relevant for experimental realizations, both in ultracold atoms
and condensed matter physics. We directly compare the an-
alytical results with QMC simulations. First, we present the
condensate fraction f SCHA

c computed from the SCHA and
then we turn to the crossover temperature T MF

cross using MF.
Furthermore, we highlight the importance of these quantities
to spot the dimensional crossover in finite size systems.

A. The quasicondensate fraction: general picture

For low dimensional systems, it is know that a finite con-
densate fraction is forbidden in the thermodynamic limit at
finite temperature. Nevertheless, for a finite system size, as
in ultracold atomic experiments, the situation is different: we
expect to have a finite size condensate with a specific scaling
with the system size fc ∼ L−α

x . Therefore, in this section, we
study such a scaling with the system size Lx for different
values of the inverse temperature β and transverse hopping
t⊥. Hereafter, we consider hard-core bosons with K = 1.

Let us first examine general scaling arguments for the
condensed fraction. Although the finite size effect can lead
to a finite condensate fraction for both 2D and 1D homoge-
neous systems at a finite temperature, the mechanism is quite
different. In Fig. 2, we demonstrate the expected finite size
scaling of the condensate fraction fc in the different regimes
for homogeneous systems in the two integer dimension lim-
its, with imbalanced system sizes Lx � Ly and a fixed ratio
Lx/Ly = cst .

In the case of the 2D homogeneous case, the transition to
the quasiordered regime is of the BKT type, see Fig. 2(a).
Below a certain temperature T x

BKT, the condensate fraction
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FIG. 3. Finite size scaling for the condensate fraction f SCHA
c =

n(k = 0)/n from field-theory calculations (black squares). The sub-
plots in a log-log scale correspond to (a1) t⊥ = 1 and β = ∞, (a2)
t⊥ = 1 and β = 0.1, (b1) t⊥ = 0.01 and β = ∞, (b2) t⊥ = 0.01,
β = 0.1, (c1) t⊥ = 0 and β = ∞, (c2) t⊥ = 0 and β = 0.1. The blue
squares are QMC data at corresponding regimes of dimensionality
and temperature, more details can be found in main text and Fig. 5.
The dashed lines are the linear fits or partial fits for the data in a
log-log scale.

follows fc ∼ L−α
x with α = 1/nsλ

2
T the inverse of the quantum

degeneracy parameter, see details in Refs. [1,3]. In the limit
of very low temperature α � 1, we have an almost ordered
phase and the correlation can be treated as a constant at large
distance, g1(x � 1) ∼ const. Due to the anisotropy Lx > Ly,
the crossover temperature below which such a scaling is valid
is different for the two directions T x

BKT < T y
BKT.

On the contrary, the 1D gas reaches quantum degener-
acy at an even lower degeneracy temperature TD < T x

BKT, see
Fig. 2(b). For a single 1D tube, the system can be described by
a Tomonaga-Luttinger liquid with fc ∼ L−η

x with η = 1/2K
when temperature is below TD [2,24]. However, since we
are considering isolated tubes with Ly ∝ Lx on y direction,
we thus expect fc ∼ L−(1+η)

x . By substituting the one-body
correlation g1, we recover that

fc = 1

L2
x

∫
d2x 〈ψ (0)ψ†(x)〉 ∝ L

−1− 1
2K

x , (17)

where α = 1 + 1
2K is the expected scaling.

In 1D and 2D, at very high temperature, the system reaches
its thermal regime and the one-body correlation g1 decays
exponentially at large distances. By substituting in (17), we
recover that fc ∼ L−2

x .

B. The analytical and QMC quasicondensate fraction

Now, we check this picture with the methods we mentioned
in Sec. III. In Fig. 3, we apply the field-theory calculations
(black squares) and check the aforementioned predictions by
comparing with QMC (blue squares). We consider the situ-
ations of strictly 2D (a1 and a2), quasi-1D (b1 and b2) and
strictly1D (c1 and c2). In all these cases, we compute the
condensate fraction fc at both low (left column) and high

FIG. 4. Analytical scaling of the finite size condensate fraction
fc = L−α

x as a function of the inverse temperature β and transverse
hopping t⊥. For large enough temperature, the scaling is α = 2 for
all values of t⊥, meanwhile at low temperature the exponent evolves
from α = 1.5 to α = 0.

temperatures (right column). We first investigate the results
from field theory.

In both the 2D and 1D limits, we find an algebraic de-
cay fc ∼ L−α

x at low and high temperatures. By performing
a linear fit in a log-log scale (dashed line), we extract the
value of α. For a 2D system at low temperature (a1), we
find α2D(T = 0) = 0.009(4), which fits with the predicted
value α = 1/nsλ

2
T = 0. Correspondingly, for a 1D system

at low temperature (c1), we obtain α1D(T = 0) = 1.48(8),
which also coincides with the prediction α = 1 + 1/2K =
1.5. Moreover, at high temperature (a2 and b2), we find
α2D(β = 0.1) = 2.0005(4) and α1D(β = 0.1) = 2.0005(4),
and they matches with the expected value 2. The field-theory
results are thus confirming the general picture showed in
Fig. 2.

Since the two integer dimension limits t⊥ = 0, 1 behave
as predicted, we now use the SCHA for the case of an inter-
mediate value of t⊥ [see Fig. 3(b)]. At low temperature, the
scaling is clearly not algebraic for the range of system sizes
we consider. Clearly, a two-slope structure appears, which fits
with the results in Refs. [16,26]. It originates from the fact
that at the dimensional crossover, the long-range behavior of
correlation is still controlled by the higher dimensional prop-
erties, while the short-range one already evolves into lower
dimensions. Performing algebraic fit on the long-range behav-
ior Lx ∈ [100, 400], we get αt⊥=0.1(T = 0) = 0.009(0) which
recovers the 2D scaling at low temperatures. Furthermore, at
high temperatures, the decay is still fully controlled by tem-
perature and we recover that αt⊥=0.1(β = 0.1) = 2.0005(4),
i.e., the scaling of thermal phase. A more detailed study as a
function of t⊥ and (inverse) temperature β is presented Fig. 4,
where we extract the scaling exponent α. Here, α is computed
by a forced linear fit for the dataset ln( fc) versus ln(Lx ) for
Lx ∈ [20, 400]. Three distinct plateau regions are presented,
namely α = 2, 1.5 and 0. They appear at the bottom, left up
corner and right up corner of the diagram, which are high
temperature, low temperature 1D, and low temperature 2D
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FIG. 5. The finite size scaling for the condensate fraction fc =
n(k = 0)/n from QMC. The four subplots show the condensate
fraction fc as a function of x-direction system size Lx in a log-log
scale for four different cases: (a1) 2D gas at low temperature, Vy =
0Er and βEr = 74; (a2) 2D gas at high temperature, Vy = 0Er and
βEr = 7; (b1) 1D gas at low temperature, Vy = 30Er and βEr = 74;
and (b2) 1D gas at high temperature, Vy = 30Er and βEr = 18.5.
In all the cases, we fix Lx/Ly = 5. (c) The quasicondensate fraction
as a function of the y-direction lattice depth Vy at fixed temperature
kBT/Er = 0.0135 and system size Lx = 5, Ly = 25a.

limits, correspondingly. It matches well with our prediction
in Fig. 2. At the crossover between these regimes, we find
properties of dimensional crossover: intermediate values of α

appears and it connects the plateaus smoothly.
To further confirm the scaling of fc for such an actual setup,

we carry out QMC calculations and compute the size depen-
dence of fc for the continuous Hamiltonian (1) in various
limits. The same QMC results of the condensate fraction are
presented in Fig. 3 as blue squares to have a direct comparison
with the field theory but also as light blue square in Fig. 5 to
visualize them more clearly. Similarly as for the parameters
above, at various temperature T and lattice amplitude Vy,
we fix the ratio Lx/Ly = 5 and scan Lx. In all the cases, we
considered here, namely, 2D and 1D limits at low and high
temperatures, we find a scaling fc ∼ Lα

x . In Fig. 5(a1), the
system is in the 2D regime Vy = 0Er and low temperature limit
βEr = 74. We find αQMC = 0.088 ± 0.042, which fits with
the theoretical prediction α = 1/nsλ

2
T = 0.1. In Fig. 5(a2),

the system is in 2D regime Vy = 0Er and high temperature

limit βEr = 7. We find αQMC = 1.06 ± 0.06. Since we find
f x
s = 0 and f y

s > 0, we argue that the temperature is in the
regime T x

BKT < T < T y
BKT and thus the αQMC fits with what we

expected. At a even higher temperature βEr = 1.4, the system
enters the fully thermal regime and we find αQMC = 1.85 ±
0.06. Turing to 1D case, in Fig. 5(b1), the system is deeply
in the 1D regime thanks to the transverse potential Vy =
30Er and low temperature βEr = 74. We find αQMC = 1.42 ±
0.06, which is 5.5% difference with the theoretical prediction
α = 1 + 1/2K = 1.5 from the Tomonaga-Luttinger theory. In
Fig. 5(b2), the system is in 1D regime Vy = 30Er and high
temperature limit βEr = 18.5. We find αQMC = 1.79 ± 0.04,
which is the signature that the system behaves as separated
1D tubes in thermal regime. Therefore the scaling exponent
from the QMC calculations fit with our field-theory calcu-
lations, see comparison in Fig. 3. This further confirms the
finite size scaling picture proposed in Fig. 2, i.e., the quasi-
condensate nature of finite size interacting bosons at 2D-1D
crossover.

Note that although the observed exponents are in good
agreement between QMC and field theory, the amplitudes dif-
fer up to a factor 10, see the two sets of vertical axis in Fig. 3.
This is due to the failure of estimation for the short-range
correlation behavior in the field theory. In Appendix B we give
more details by studying the one-body correlation function.

Now, we turn back to the data in Figs. 5(a1) and 5(b1).
The system is at temperature k BT/Er = 0.0135 which is be-
low the quantum degeneracy temperatures in both the 2D
and 1D regimes for the finite size system we considered
here. Thus it has a significantly finite quasicondensate frac-
tion fc which follows fc ∼ L−α

x with α2D = 1/nsλ
2
T = 0.02

and α1D = 1 + 1/2K = 1.5 in the 2D and 1D regimes cor-
respondingly. This leads to a much smaller fc in 1D regimes
comparing with the 2D case. This explains the observed sig-
nificant drop of fc at this 2D-1D dimensional crossover regime
even if no true condensate exists, see Fig. 5(c2) [26]. The
value of fc saturates at a small value in the S1D regime,
as presented in Refs. [25,26]. Notably, here one observe a
crossover due to the quasicondensate properties originating
from the finite size effect. This is different from the 3D-1D
crossover studied in Ref. [28], where a transition exists even
in the thermodynamic limit. Clearly, as shown in Fig. 5(c1),
a similar signature is observed with the transverse superfluid
fraction, which is the experimentally measured quantity in
recent works [18,19]. These two quantities exhibit behaviors
that are qualitatively similar and signal the crossover to the1D
regime.

C. Crossover temperature

Thanks to the analysis of the condensed fraction discussed
above, we find a finite crossover temperature Tcross from C1D
to S1D regime for each given transverse tunneling t⊥. In this
section, we study the properties of this temperature based
on various methods, in both the strong and weak interaction
regimes.

In the thermodynamic limit, the crossover temperature be-
tween coherent and incoherent coupled 1D discrete chains has
been already studied and it is predicted to scale algebraically
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FIG. 6. The comparison of the crossover temperature Tcross as a function of the transverse tunneling t⊥ between the analytical (thermody-
namic limit and finite system size) and QMC result rescaled accordingly to Appendix C, for the strong interaction K = 1 and weak interaction
K = 10. We find good agreement in the scaling behavior. The subplot are the scaling exponents ν of the crossover temperature as a function
of the system size compared with the expected analytical values ν∞

MF ∼ 0.67 for K = 1 and ν∞
MF ∼ 0.51 for K = 10. The QMC data are for

Lx × Ly = 25 × 5 meanwhile the MF are for Lx = 2000.

with the coupling between chains [28]

T MF,∞
cross = Atν∞

MF
⊥ , (18)

where ν∞
MF = 2K

4K−1 is the critical exponent controlled by the
Luttinger parameter K and A is the prefactor. Below this
temperature, particles hop in and out the chain coherently.
The scaling exponent ν is also checked by comparing nu-
merically to DMRG simulation of discrete weakly coupled
chains [25,43] and QMC simulations of finite size continuous
systems [26]. It is important to note that as the exponent ν

is an universal feature, while the amplitude A shows different
values, see Appendix B for more details.

The above scaling (18) has been checked numerically for
the 3D-1D crossover [25,43]. However, since no real order
exists for 2D systems at finite temperature, its validity for
quasicondensate at 2D-1D crossover is not guaranteed. In
this section, we show the results of the crossover temper-
ature at K = 1 and 10 with two different methods, namely
the analytical mean-field crossover temperature T MF

cross at finite
Lx from (14) and T MF,∞

cross at infinite Lx from (15), and the
QMC crossover temperature T QMC

cross from direct simulations
of Hamiltonian (1). For a quantitative comparison, one needs
to make the proper correspondence of the units since the
field theory simulates a discrete model with energy unit t‖
and QMC simulates a continuous system with unit Er . In
Appendix C, we find that they are linked as t‖ = h̄2/2ma2 =
Er/π

2, with a the space unit and m the particle mass.
For T MF

cross, we consider a large enough system size of Lx =
2000. The theoretical treatment is limited by the fact that, for
a finite system size a too small t⊥ would see a gap due to the
discretization of the momentum and thus the hoping in the
transverse direction would be drastically modified. This sets a
condition to the minimum system size Lx > Lx,min, that we can
take to have a non-negligible t⊥ effect. For a fixed t⊥, we esti-
mate this requirement by taking the typical scale of the system
which gives Lx,min = u/t⊥. Indeed, for Lx < Lx,min, the scaling
exponent of Tcross goes up to ∼0.8 in the subplot of Fig. 6.
This means that for Lx < Lx,min the system behaves as if it
was made of uncoupled 1D chains even at zero temperature. It
follows that in the thermodynamic limit Lx → ∞, Lx > u/t⊥

is always satisfied such that any infinitesimally small value of
t⊥ is relevant.

In Fig. 6, we show the three computed temperatures for
the strong interaction case K = 1. For the scaling exponent,
we find an excellent agreement between the field-theory cal-
culation νMF = 0.652 with errorbar smaller than 0.1% and
QMC simulation νQMC = 0.68 ± 0.02. The expected analyt-
ical result in thermodynamic limit is ν∞

MF = 2K
4K−1 ∼ 0.66 (see

the red solid line in subplot of Fig. 6). These values agree
with each other within 5%. Even for the prefactor A, they
only exhibit a difference of 5%. Therefore the field-theory
calculation gives similar results for the crossover temperature
as the one for the continuous systems. This also proves that
the analytical expression for the scaling factor in Eq. (18) still
holds for 2D-1D crossover.

We now turn to the weak interaction case which results in a
larger value of the TLL parameter, namely K = 10. As we did
for K = 1, in Fig. 6, we perform a linear fit in a log-log scale
and find the scaling exponent νMF = 0.51 with the errorbar
smaller than 0.1% and QMC simulation νQMC = 0.52 ± 0.05.
They agree well with the expected exponent of ν∞

MF = 2K
4K−1 ∼

0.51 within 5%. However, a strong deviation exists for the
prefactor A, where a 20% difference appears. We argue that it
is due to the fact that the field-theory description is less valid
when K is large. Indeed, lowering the interactions reduces
the value of the chemical potential and therefore limits the
validity of the low-energy description.

V. DISCUSSION

Previous works [25,44], mainly focused on the 3D-1D
crossover where a phase transition between the real ordered
phase (true condensate) and incoherently coupled 1D tubes
appears. Here, we rather focus on the 2D-1D dimensional
crossover where no true condensate exists in the thermody-
namic limit. This suggests that finite size effect can play
an important role and a transition linked with the quasicon-
densate properties takes place, which further complicates the
description. By carefully carrying out the study of the finite
size effect, we find the coherence of the system is deter-
mined by the scaling exponent which depends on temperature
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or interaction. If it is small enough such that the correlation
decay can be neglected up to the system size, a quasicon-
densate is formed. Thus the nature of 2D-1D dimensional
crossover for finite size systems can be clearly reflected by
the properties of the exponent α, i.e., Fig. 4.

In real cold atom experiments, the dimensional crossover
has been measured by one-body correlation functions [16] and
superfluid fraction [18,19]. Here, we prove that the condensate
fraction fc also carries important information for dimensional
crossover. Notably, this is a quantity that can be easily ob-
tained from the momentum distribution, which can be directly
detected via time-of-flight techniques. Such a measurement is
widely used in cold atom experiments, and it is less complex
comparing with others. Therefore our work provides a new
path to quickly access the coherence properties of cold atom
systems at dimensional crossover.

VI. CONCLUSION

In this work, we study the finite size effects for interacting
bosons at the continuous 2D-1D crossover. We first investigate
the quasicondensate fraction fc scaling with the system size Lx

for different fixed temperatures and transverse hopping t⊥ in
the limit of strong interaction K = 1. We illustrate the nature
of quasicondensate according to the finite size scaling. We find
that the decay exponent evolves from α2D = 0 to α1D = 1.5 at
low temperature which signals the crossover from a 2D to a
1D quasicondensate. We also find that this exponent evolves
to αTH = 2 at high temperature, where the system is in a
thermal phase. In the second part, we turn to the crossover
temperature Tcross both for the strong interaction K = 1 and
the weak interaction K = 10 limit. The crossover temperature
we find between the 2D and 1D quasicondensate, follows a
similar scaling as the one of 3D-1D, where a true condensate
exists at the higher dimensionality.

Our results prompts for further theoretical investigation
of higher order correlation functions [19,45] and momen-
tum space correlation [46,47] at the dimensional crossover.
It would also be interesting to investigate the finite size ef-
fect and zero momentum fraction for 3D-1D and 3D-2D
dimensional crossovers, since there exists a true BEC in 3D.
Recent experiments on 2D weakly interacting bosonic gases
with transverse potential Vy [18,19] have shown interesting
comparison to the Leggett’s bounds [48,49] of the transverse
superfluidity f y

s . In principle, the f y
s -Vy exhibits similar prop-

erties as the f L
c -Vy one [Fig. 5(c2)] in the low temperature

regimes, which indicates the crossover to 1D system. The
validity and usefulness of these bounds for strong-interactions
is still under debate and needs further investigations.

Another interesting direction would be to extend our study
to systems with long-range interactions. Recent experiments
in cold atoms have produced dipolar gases with a controllable

long-range interaction term [50,51]. From the theoretical side,
changing the range of the interactions will change the value
of the Luttinger parameter K , thus the dimensional crossover
properties change. This change could be easily incorporated
in the field theory as long as weak interactions are concerned
[24]. However, for strong interactions, the ground state of the
problem changes drastically going towards a charge-density
wave state. Given the nature of the ground state, it is hard to
predict what final roles played by this interactions, which is
an interesting open question.
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APPENDIX A: SCHA DETAILED CALCULATIONS

1. SCHA action

In this section, we show how to implement the SCHA. We
start by making the variational Ansatz of an action quadratic
in the phase field

Svar[θ ] = 1

2βLxLy

∑
Q

G(Q)−1θ∗(Q)θ (Q) (A1)

with Q = (q, k⊥). Here, G(Q) is a set of parameters that, at
this stage, we still have to fix. By using the properties of the
Gaussian integration

〈u∗
q1

uq2
〉 =

∫
Du[q] u∗

q1
uq2

e− 1
2

∑
q u∗

qS(q)uq∫
Du[q]e− 1

2

∑
q u∗

qS(q)uq
= δq1,q2

1

S(q1)
,

(A2)

we compute the variational free energy. First we rewrite the
partition function as

Z =
∫

Dθ e−S = Zvar〈e−(S−Svar )〉var. (A3)

Then, we substitute and use the convexity condition (kB = 1)

F � Fvar′[G] = −T ln(Zvar〈e−(S−Svar )〉var)

= Fvar + T 〈S − Svar〉var.
(A4)

From the above equation, we conclude that the variational free
energy always overestimates the real free energy. The first
term gives Fvar = −T

∑
Q>0 ln Gq + const. For the second

term, we observe that 〈Svar〉var is a constant, and therefore, we
compute now

〈S〉var = 1

Zvar[θ ]

∫∫
DθQDθ∗

Q e−Svar[θ]

[ ∑
R

K

2π

∫ Lx

0
dx

∫ β

0
dτ

(
1

u
(∂τ θR )2u(∂xθR )2

)
− t⊥ABρ0

∑
〈R,R′〉

∫ Lx

0
dx

×
∫ β

0
dτ cos (θR(x, τ ) − θR′ (x, τ ))

]
+ const = 1

2

1

βLxLy

∑
Q

K

πu

(
ω2

n + u2k2
) 1

Zvar[θ ]
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×
∫∫

DθQDθ∗
Qe− 1

2

∑
Q

(
G−1

var
βLx Ly

)
θ∗

QθQθ∗
QθQ − t⊥ABρ0 . . .

= 1

2

∑
Q

G−1
0 (q)G(Q) − t⊥ABρ0

∫ Lx

0
dx

∫ β

0
dτ

∑
〈R,R′〉

2 e− 1
2 〈[θR (0,0)−θR′ (0,0)]2〉v

2
(A5)

with G−1
0 (q) = K

πu (ω2
n + u2k2). In the second last step, we

used the fact that we have a quadratic action to substitute
〈eiθ 〉 = e− 1

2 〈θ2〉. After neglecting the constant term, in the
first step, we Fourier transform the quadratic action, which
gives the factor 1

βLxLy
. Then we regroup the terms and insert

the Dirac delta. At this point, we are left with the average
〈θ∗(Q)θ (Q)〉. The Fourier transform and the definition of
Dirac delta we use are

θR(x, τ ) = 1

βLxLy

∑
q,k⊥

ei(q·r+k⊥·R)θ (q, k⊥)

δq,−q′δk⊥,−k′⊥ = 1

βLx

∫
dxdτ ei(q+q′ )·r 1

Ly

∑
R

ei(k⊥+k′⊥ )·R,

(A6)

where q · r = kx − ωnτ . Then we do the Gaussian integral
which gives G(Q). In the third step, we use the symmetry un-
der translation to substitute (x, τ ) → (0, 0) inside the average.
The last term is now of the form

〈θR′ (0)θR(0)〉 = 1

βLxLy

∑
Q

eik⊥·(R−R′ )G(Q), (A7)

where we insert the Gaussian average that 〈θQθQ′ 〉 =
1

Z[θ]

∫
Dθ [Q] θQθQ′ e− 1

2

∑
Q θ∗

QAQθQ = δQ,−Q′A−1
Q . By defining

the Fourier transform

G(x, R − R′, τ ) = 1

βLxLy

∑
Q

eik⊥·(R−R′ )+ikx−iωnτG(Q),

(A8)
we are set to rewrite the exponent

G(0, R − R′, 0) − G(0, 0, 0) = −1

z

1

βLxLy

∑
Q

F (k⊥)G(Q)

(A9)

with F (k⊥) = ∑
R−R′ (1 − cos(k⊥ · (R − R′))) where we use

that 1 = 1
z

∑
R−R′ . We now minimize the variational free en-

ergy:

δF ′[G]

δG = δ

δG

[
− 1

β

∑
Q>0

ln G(Q) + 1

2β

∑
Q

G−1
0 (q)G(Q)

− 1

β
t⊥ABρ0βLx

∑
〈R,R′〉

e− 1
zβLx Ly

∑
Q F (k⊥ )G(Q) + const

]

= 1

β

∑
Q>0

[
− 1

G(Q)
+ 1

G0(q)
+ 2t⊥ABρ0F (k⊥)

× e− 1
zβLx Ly

∑
Q F (k⊥ )G(Q) + const

]
, (A10)

where we use that the sum over n.n. gives
∑

〈R,R′〉 1 = Lyz
2

and that and F (k⊥) = F (−k⊥). By imposing δF ′[G]
δG = 0, the

optimal set of parameters reads

1

G(Q)
= 1

G0(q)
+ 2t⊥ABρ0F (k⊥)e− 1

zβLx Ly

∑
Q F (k⊥ )G(Q)

(A11)
and has to be found self-consistently. In the limiting case of
t⊥ = 0, we have G(Q) = G0(q). Moreover, we observe how
this approximation allows us to keep track of the system
geometric as well as the system size in all spatial directions.

2. SCHA one-body correlation function

Once we have the quadratic action we are able to
compute the one-body correlation function gSCHA

1 (x, j) =
〈ψ (0, 0)ψ†(x, j)〉 = ABρ0e− 1

2 〈[θ (0,0)−θ (x, j)]2〉SCHA , where
we use the single-particle operator to be ψ (x, j) =√

ρ(x, j)eiθ (x, j). By substituting the Fourier transform of the
phase field θR(x, τ ) = 1

βLxLy

∑
Q θQei(q·r+k⊥·R), the average

reads

〈[θR(x, τ ) − θ0(0, 0)]2〉SCHA

= 1

(βLxLy)2

∑
Q,Q′

〈θQθQ′ 〉SCHA[ei(q·r+k⊥·R) − 1]

× [ei(q′ ·r+k′
⊥·R) − 1]

= 1

βLxLyK

∑
Q

2πu

ω2
n + u2k2 + v2

⊥F (k⊥)

× [1 − cos(kx − ωnτ + k⊥ · R)]

τ=0= 2πu

LxLyK

∑
k>0,k⊥

coth
(

β

2

√
u2k2 + v2

⊥F (k⊥)
)

√
u2k2 + v2

⊥F (k⊥)

× [1 − cos(kx) cos(k⊥ · R)]. (A12)

In the last line, we perform the exact sum over the Matsub-
ara frequencies at the equal imaginary time (τ = 0) because
the system is Galilean invariant and r2 = x2 + u2τ 2. In the
limit of the zero temperature, the formula simplifies because
coth( β

2 . . . ) → 1. We emphasize that for the (bosonized) lon-
gitudinal direction, we sum up to an artificial cutoff 	 (e.g.,
	 = π

2a , with a the lattice spacing). It is similar to say that the-
ory describes spatial fluctuations larger than a certain length
1/	. For the transverse direction, we impose periodic bound-
ary conditions.
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FIG. 7. Comparison of the correlation function g1(x) between
QMC simulation and field theory for t⊥ = 0 and low temperatures
in the case of strong interaction K = 1. Here, we fix the field theory
cutoff to be AB(K = 1) ∼ 2.15 in order to match the data at the
medium-long distance.

APPENDIX B: FIXING THE PRE-FACTOR
OF THE SINGLE-PARTICLE OPERATOR

In order to be quantitative, it is important to treat carefully
the prefactor of Tcross from analytics. Not only it depends on
the interactions and filling as the TLL parameter K does but
also on the other parameters of the system. For this reason,
it is worth to understand better how to fix the nonuniversal
prefactor AB hidden in the prefactor A, which defines the
single-particle creation operator in the field theory. For this,
it is necessary to correctly map the field theory to the specific
microscopic model used in QMC simulation. Given that the
field theory depends on a cutoff 	, then AB has to scale
properly such that for medium distances x > 1/	 correlation
g1(x) from QMC and field theory match. By comparing the
results In Fig. 7, we conclude that in the limit of strong
interaction AB(K = 1) ∼ 2.15 and for weak interaction is
AB(K = 10) ∼ 1.13.

The mismatch of the fc amplitudes we observed in Fig. 3
can be explained by the one-body correlation function g1(x)
computed from QMC and field theory, see Fig. 7. After fixing
the prefactor AB, the long-range behavior of the field theory is
semiquantitatively correct while the short-distance behavior
is not. When performing the Fourier transform to get n(k)
from g1(x), we can obtain the condensate fraction as Eq. (17).
It is proportional to g1(x = 0) because we can substitute the
delta function

∑
k eikx = L2

xδ0,x at the denominator. Now, the
field-theory treatment can give semiquantitatively prediction
of g1(x) with good precision only for distances larger than
the typical length scale of the problem, e.g., healing length or
lattice spacing. This is the part which contains the information
of the scaling exponent for fc. On the contrary, the theory is
not built to predict the value at very short distances, and there-
fore the value of g1(0) cannot be provided with satisfactory
precision. This affects the value of the amplitude, but not the
scaling exponent of fc.

APPENDIX C: DISCRETE TO CONTINUOUS MAPPING

Here, we explicitly show how to link the longitudinal
hopping t‖ of the tight-binding model (starting point of

field-theory treatment) with the recoil energy Er of the con-
tinuous limit (simulated by QMC). In other words, we want
to compare the energy scale in the continuous limit, where
H = − h̄2

2m ∇2ψ , and in the discrete limit where we start from
a tight-binding model Ĥ = −t‖

∑
j (â

†
j â j+1 + â†

j â j−1).
For the continuous case, if we call �x the smallest spatial

variation we can describe, then the derivative can be recast in

∂xψ j = ψ j+1 − ψ j

�x
(C1)

with ψ j the wave function at position j. Therefore the eigen-
value equation is of the form

Eψ j = − h̄2

2m(�x)2
(ψ j+1 + ψ j−1). (C2)

On the other hand, for the discrete limit we start by explicitly
define the wave-function at position j as 〈 j|ψ〉 = 〈�O|â j |ψ〉 =
ψ j with | j〉 = â†

j |�O〉 and |�O〉 the vacuum state. By inserting
the closure relation I = ∑

i |i〉〈i|, for |i〉 a complete basis, we
find

Eψ j′ = 〈 j′|E |ψ〉 = 〈 j′|Ĥ |ψ〉
= −t‖〈�O|a j′

∑
j

[â†
j â j+1 + â†

j â j−1]
∑

i

|i〉〈i|ψ〉

= −t‖
∑

j,i

〈�O|a j′â
†
j â j+1|i〉〈i|ψ〉

+ 〈�O|a j′â
†
j â j−1|i〉〈i|ψ〉. (C3)

We now observe that the orthogonality condition imposes
that the only nonzero terms are for 〈�O|a j′â

†
j â j+1|i〉 =

〈�O|a j′â
†
j |�O〉δ j+1,i = Iδ j′, jδ j+1,i and similarly for the second

term. The result reads

Eψ j = −t‖(ψ j+1 + ψ j−1). (C4)

By comparing with (C2), we find that t‖ = h̄2/2m(�x)2. In
terms of the recoil energy, it now reads with t‖ = Er/π

2.
Therefore, if we want to express the unitless crossover tem-
perature from QMC in the field-theory language, we have to
take

T QMC
cross

Er
= A

(
t⊥
Er

)ν

→ T QMC
cross

t‖
= Aπ2(1−ν)

(
t⊥
t‖

)ν

, (C5)

where we divide and multiply by t‖ and use that Er
t‖

= π2.

APPENDIX D: DETAILS ABOUT
THE QMC CALCULATIONS

In this paper, we use the path integral Monte Carlo im-
plemented with worm algorithm for the QMC simulations. It
allows us to compute all the relevant physical quantities within
the grand-canonical ensemble. Here, we provide more details
about the QMC calculations.

The inputs of the QMC code are the temperature T , 2D
scattering length a 2D, chemical potential μ and lattice am-
plitude Vy. We generate Feymann diagrams under certain
probability distribution given by these input variables. Then,
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the thermodynamic average of an observation A can be com-
puted as

〈A〉 = Tr[e−β(H−μN )A]

Tr[e−β(H−μN )]
, (D1)

with H the Hamiltonian, N the number of particles oper-
ator, β = 1/k BT the inverse temperature, and Tr the trace
operator [38]. In practice, we compute the superfluid frac-
tion fs from the winding number estimator under periodical
boundary conditions. Also, we can calculate the momentum
distribution D(kx, ky) by the Fourier transform of one-body

correlation function g(1)(x, y), which is estimated by the
creation and annihilation behaviors in the open worldline
configurations. More details can be found in Appendix A of
Ref. [26].

Moreover, for all the QMC results presented in this paper,
we choose the numerical parameters carefully such that they
minimize the errors induced by them. In practice, we use the
small imaginary time step ε = 0.05 ∼ 0.1Er and large statis-
tical sampling numbers Nsample ∼ 108. We also run 107 ∼ 108

warm up steps before the sampling iterations. Notably, certain
parameters may demand larger iteration numbers.
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