
PHYSICAL REVIEW A 113, 033719 (2026)

Master equation for a quantum gas of polarizable particles in cavities
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Quantum gases of atoms and molecules in optical cavities offer a formidable laboratory for studying the
out-of-equilibrium dynamics of open quantum systems with long-range interactions. Long-range interactions
are here mediated by multiple scattering of cavity photons and can induce the formation of quantum structures
in space and time. Control of these dynamics requires a detailed understanding of all relevant mechanisms at
play. Due to the strong correlations induced by light, however, perturbative theoretical models, which reduce
the number of degrees of freedom, do not correctly capture the regime where the interplay of photon-mediated
long-range forces and quantum fluctuations of light and matter become significant, such as across the transition
to self-organization. In this work, we present the derivation of an effective Lindblad master equation for the
dynamics of the sole motional variables of polarizable particles, such as atoms or molecules, that dispersively
couple to cavity fields. The master equation is valid even for relatively large intracavity photon numbers and is
apt to study both the steady-state regime and the out-of-equilibrium dynamics where quantum fluctuations of the
field seed the onset of macroscopic coherences. We validate the theoretical description by showing that it captures
the dynamics across a wide temperature interval, from Doppler cooling down to the ultracold regime, and from
weak to strong cavity-mediated interactions. Our theory provides a powerful framework for the description of
cavity-induced dynamics of quantum matter. In doing so, it permits to connect models of statistical mechanics
with cavity-QED experimental platforms, thus enabling quantum simulation of long-range-interacting matter.

DOI: 10.1103/dlf7-9yl4

I. INTRODUCTION

Many-body cavity quantum electrodynamics is a sugges-
tive label for the strong-coupled dynamics of systems with
many particles and light in confined geometries, such as
Fabry-Pérot cavities and fibers [1–3]. This field of research
is motivated and pushed forward by advanced experimental
platforms working in this regime [1,3]. One salient feature of
these systems is multiple photon scattering, which can transfer
energy and imprint long-range correlations between the indi-
vidual emitters. A further important characteristic is photon
losses, which renders the dynamics intrinsically dissipative. In
the strong-coupling regime, where the scatterers prevailingly
emit into the cavity mode while emitter-photon interac-
tions only couple resonant electronic levels [4], nontrivial
phenomena can be observed by means of external drives,
realizing exemplary driven-dissipative many-body dynam-
ics. The wealth of observed collective phenomena includes
cavity-induced laser cooling [5,6], self-organization in or-
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dered spatial patterns [7,8], lasing induced by collective
scattering [9,10], supersolidity [11,12], and time-crystal dy-
namics [13,14].

The ability to describe these dynamics in full detail
sheds light onto these cooperative phenomena and permits
the identification of microscopic control tools of collective
behavior, thereby opening novel pathways toward quantum
simulation of strongly correlated matter and to quantum
computing [3,15,16]. Recently, increasing efforts are be-
ing invested into exporting these concepts to molecules and
solids [17–21], with the perspective of designing novel states
of matter and dynamics using photon scattering [3]. However,
state-of-the-art studies of molecules in cavities typically con-
sider one up to a few scatterers and discard the center-of-mass
motion [22–24], while the theoretical description of the full
dynamics becomes quickly challenging, especially when in-
cluding the mechanical effects of light. For all these reasons,
the development of effective models with tested validity is of
central importance.

Among several cavity-assisted phenomena, self-
organization of atoms into crystalline structures bound
by photons is one of the most intriguing [1,7–9,25–28].
These experiments are realized in Fabry-Pérot cavities in
the regime where the internal structure of the scatterers is
captured by their polarizability, and the energy they exchange
with radiation is solely mechanical [29]. An illustrative
example is shown in Fig. 1(a). Several effective theoretical
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FIG. 1. (a) Characteristic setup of many-body CQED that consists of polarizable particles (e.g., atoms or molecules) strongly coupled to
one or multiple optical resonators (here two modes are illustrated). (b) In the optomechanical regime, the excited electronic states are only
virtually populated: Photon absorption and emission coherently couple the motion of the particles (black circles) to the cavity field modes
(large shaded circles), which in turn can dissipate photons via emission through the mirrors (wavy arrows). (c) The resulting atom-only
dynamics is illustrated by a globally connected network, where the nodes represent the particles and the links correspond to photon-mediated
interactions. (d) Regime of validity for different approaches to describe the optomechanical master equation. Mean-field approaches fail to
describe atom-cavity correlations. Weak-coupling theories have limited validity for describing atom-cavity correlations and rely on a timescale
separation. The focus of this work is to identify the regimes in which the dynamics can be described by atom-only master equations that can
capture strong atom-cavity correlations.

models have been proposed for describing the resulting
dynamics [1,3,29–32]. These models are derived starting
from the minimal-coupling Hamiltonian in the electric dipole
approximation, where spontaneous emission and cavity
decay are described by a Born-Markov master equation, and
systematically lead to a master equation in which the cavity
field directly couples to the particles’ external degrees of
freedom [1,29,31,33], as sketched in Fig. 1(b) for the setup
of Fig. 1(a). We dub this master equation optomechanical,
extending to the microscopic realm a term typically used in
the mesoscopic regime [34].

Despite the notable reduction of the configuration space,
the theoretical treatment of these optomechanical models
remains challenging in many-body settings. Even for a
single-mode cavity, the size of the Hilbert space becomes
prohibitively large for moderate intracavity photon numbers.
As a result, the effective models available in the literature
often become invalid in the most interesting regimes—for in-
stance, beyond the paradigmatic Dicke phase transition [8,26].
Therefore, the modeling of these dynamics is often founded
on phenomenological, albeit plausible, assumptions [8,35,36].
In addition, the majority of the studies rely on mean-field
approximations, discarding fluctuation effects that are relevant
at the self-organization transition, or on the weak-coupling
regime, whose validity is limited to the normal, disordered
phase. Some of these models are described by master equa-
tions, which are derived from the optomechanical master
equation by perturbatively eliminating the photonic degrees
of freedom [37,38]. This procedure further reduces the con-
figuration space and yields a so-called atom-only description,
in which the only remaining degrees of freedom are atomic.
Figure 1(c) shows an abstraction of the resulting model for

the setup of Fig. 1(a), where the atoms interact via global
forces. Atom-only models were also derived using operator-
based approaches for ultracold atoms, under the assumption
that the atomic temperature is sufficiently low such that the
cavity field adiabatically follows the atomic motion, even for
relatively large photon numbers [39–41]. Models based on
this approach [42–45] have been qualitatively reproducing
experimental measurements [28]. Figure 1(d) illustrates the
expected regimes of validity of the various approaches. Re-
cently, the validity of atom-only models has been questioned
in several studies [46–49], some of which provide numerical
evidence of discrepancies between their predictions and the
numerical simulations of the corresponding optomechanical
master equations. Solving this debate would enable to de-
velop an overarching atom-only framework that permits to
effectively describe a wide parameter regime, including the
transition to self-organization and the onset of macroscopic,
light-induced quantum coherences and entanglement.

In this work, we resolve this debate by rigorously deriving
an effective atom-only Lindblad master equation governing
the external degrees of freedom of polarizable particles. This
is obtained by significantly extending a procedure [50] which
was validated for spin systems and in the weak-coupling
regime [50–52]. The resulting atom-only master equation de-
scribes the dynamics of continuous variables, namely, of
the motion of an atomic gas induced by the coupling with
cavity fields. It accurately captures the relevant atom-field
correlations—both in the dispersive [53,54] and in the dis-
sipative regime [16,47,55–57]. It provably remains valid
when the cavity-mediated potentials vary across the self-
organization transition. Moreover, it provides an overarching
and unifying framework, as it correctly reproduces established
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models that are either valid in the limit of vanishing photon
numbers [38,58] or in the regime of large intracav-
ity fields [3,33], as well as models previously derived
through semiclassical treatments [31] or operator-based ap-
proaches [30,39,41,59]. Our master equation thus establishes
a rigorous basis for the systematic analysis of stationary states
and critical phenomena in many-body cavity-QED systems, as
well as their out-of-equilibrium dynamics. As such, it serves
as a tool for elucidating the interplay between dissipative and
dispersive long-range forces and for identifying the key con-
trol parameters that enable tailoring the quantum dynamics
of atomic and molecular gases in experiments. Our model is
generally applicable to a wide range of experimental setups,
including multimode cavities, that study patterns induced by
strong cavity-mediated interactions [8,11,28,60–64]. For all
these reasons, it provides an essential framework for testing
and implementing quantum simulators with cavity-QED plat-
forms.

This paper is organized as follows. In Sec. II, we first in-
troduce the generic model of atoms or molecules dispersively
coupled to modes of a high-finesse cavity. In Sec. III, we
present the derivation of the atom-only master equation. We
then determine its specific form and examine its predictive ca-
pabilities in the limit of vanishing intracavity photon numbers
(Sec. IV) as well as when intracavity fields increase across the
self-organization phase transition (Sec. V), using experimen-
tally relevant dynamics as case studies. The conclusions are
drawn in Sec. VI, while the appendixes provide details of the
derivations in Secs. III–V.

II. OPTOMECHANICAL MASTER EQUATION
FOR MANY-BODY CQED

In this section, we review the assumptions at the basis of
the optomechanical master equation, describing the dynam-
ics of polarizable particles strongly coupled to optical fields
via the mechanical effects of light. The purpose is to intro-
duce the individual parameters and processes determining the
dynamics. These impose important constraints that shall be
accounted for in Sec. III when deriving the atom-only master
equation. Readers who are familiar with the formalism may
choose to skip this section.

A. The model

We consider N identical polarizable particles of mass m
interacting with M optical modes in a confined volume. An
exemplary situation is shown in Fig. 1(a), depicting a gas
interacting with M = 2 cavity modes. The particles can be
atoms or molecules, possessing an optical dipole transition
that couples to the optical modes. The state of the system,
composed of the particles’ internal and external degrees of
freedom and the optical modes, is described by the density
operator ρ̂. In quantum optical settings, where dissipation
manifests as spontaneous emission and photon losses at the
mirrors or in fibers, the equation of motion for ρ̂ takes the
form of a Born-Markov master equation:

∂

∂t
ρ̂ = 1

ih̄
[Ĥ , ρ̂] + Ldissρ̂. (1)

Here Ldiss is the superoperator describing the incoherent
dynamics, and the Hamiltonian Ĥ governs the coherent
coupled dynamics in the electric dipole and rotating-wave
approximation. Below we introduce the individual terms and
discuss the relevant timescales associated with each process.

B. Atomic dynamics

We first focus on the atomic dynamics, and introduce later
the coupling with the cavity modes. The particles’ external
degrees of freedom are the canonically conjugated position
and momentum, �̂r j and �̂p j ( j = 1, . . . , N). In what follows,
we assume that the dipolar transition is composed of two
levels, namely the ground state |g〉 and the excited state |e〉.
We remark that the two-level approximation is here used for
convenience but is not essential, as our focus lies in the regime
of coherent scattering, where the internal structure is captured
by the polarizability.

The atomic Hamiltonian is the sum of the energy for
the internal and external degrees of freedom and includes
the interaction with a transverse pump, driving the particles:
Ĥat = Ĥinternal + Ĥext + Ĥpump. The first two terms read

Ĥinternal =
N∑

j=1

h̄(−�a)σ̂ †
j σ̂ j, (2)

Ĥext =
N∑

j=1

(
�̂p2

j

2m
+ W (�̂r j )

)
, (3)

where σ̂ j = |g〉 j〈e| and σ̂
†
j is its adjoint, W (�̂r), is a generic

conservative potential confining the atomic center-of-mass
motion and �a = ωp − ωa is the detuning between the fre-
quency ωp of the transverse pump and the atomic transition
frequency ωa. The transverse pump is assumed to be a clas-
sical monochromatic field whose interaction with the atomic
dipole is described by the Hamiltonian within the electric
dipole approximation:

Ĥpump =
N∑

j=1

h̄ � fp(�̂r j )σ̂
†
j + H.c., (4)

where H.c. denotes the Hermitian conjugate, � is a constant
Rabi frequency, and fp(�̂r) is the dimensionless spatial profile
of the pump field at the atomic position, with ‖ fp(�̂r)‖ � 1.

Spontaneous emission of the atomic dipole into the modes
external to the resonators is described by the Lindblad super-
operator [65,66]

Lγ ρ̂ = γ

N∑
j=1

(2σ̂ j ˆ̄ρ j σ̂
†
j − [σ̂ †

j σ̂ j, ρ̂]+). (5)

Here [Â, B̂]+ = ÂB̂ + B̂Â is the anticommutator and ˆ̄ρ j de-
notes the density operator that includes the mechanical effects
of the spontaneously emitted photon on particle j [67]:

ˆ̄ρ j =
∫

V⊥
d3k N (�k)e−i�k·�̂r j ρ̂ ei�k·�̂r j . (6)

The scalar function N (�k) is the probability density for
emitting a photon with wave vector �k, normalized as
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∫
d3k N (�k) = 1 [68]. The integral runs over all wave vectors

�k ∈ V⊥, corresponding to emission into the solid angle outside
of the resonators [69]. For simplicity, we neglect collective de-
cay processes into the modes external to the cavities, assuming
that the average interatomic distance is much larger than the
corresponding wavelengths.

C. Cavity dynamics

The atomic transition couples to M cavity modes with
frequencies ωn, forming a discrete spectrum (n = 1, . . . , M).
We denote by ân and â†

n the annihilation and creation opera-
tors of a quantum of energy h̄ωn, with [ân, â†

n′ ] = δn,n′ . Their
free evolution is governed by the Hamiltonian (in the frame
rotating at the transverse-pump frequency)

Ĥmodes =
M∑

n=1

h̄(−�n)â†
nân, (7)

with �n = ωp − ωn. For the sake of generality, we also con-
sider the Hamiltonian term describing a longitudinal pump
with frequency ω′

p of the cavity modes:

Ĥ (c)
pump =

M∑
n=1

h̄ ζ ∗
n e−iδωpt ân + H.c., (8)

where ζn is the strength of the pump on mode n and has the di-
mensions of a frequency and δωp = ωp − ω′

p is the frequency
of the longitudinal pump in the reference frame rotating with
the transverse-pump frequency ωp.

In what follows, we also assume that the incoherent dy-
namics of the cavity modes is solely due to photon losses at
the cavity mirrors:

Lκ ρ̂ =
M∑

n=1

κnD[ân]ρ̂, (9)

with κn the decay rate of mode n and

D[Ô]ρ̂ = 2Ôρ̂Ô† − [Ô†Ô, ρ̂]+. (10)

Note that we neglect the incoherent absorption of photons,
which is justified for optical frequencies at room temperature.
Processes involving photon absorption by the mirrors are also
not included, although they can often be included by straight-
forwardly extending this formalism, as shown in Ref. [70].

D. Atom-cavity coupling

The interaction between cavity fields and atoms is a
generalization of the Tavis-Cummings Hamiltonian to the
multimode case [71]:

V̂int =
M∑

n=1

N∑
j=1

h̄ gn(�̂r j )σ̂
†
j ân + H.c., (11)

which includes the spatial dependence of the atom-photon
coupling, gn(�̂r) = gn fn(�̂r). Here gn is the vacuum Rabi fre-
quency of cavity mode n, and ‖ fn(�̂r)‖ � 1 is the spatial mode
function.

E. Optomechanical master equation

The optomechanical master equation is derived in the
regime where the atoms’ (or molecules’) excited states can
be eliminated from the dynamical equation of the atomic
center-of-mass motion and the cavity fields; see, for in-
stance, Refs. [3,31,33]. This regime allows to replace the
particles with their polarizability and requires that the rate
|�a + iγ | exceeds the coupling strengths, |gn|√nn, |�| �
|�a + iγ |, with nn = 〈â†

nân〉 the average photon number in
mode n [31,39,72]. In order to get a set of equations where the
cavity and external variables are directly coupled, the internal
degrees shall evolve on a much faster timescale. For the cavity,
this requires |�n + iκn|, |δωp| � |�a + iγ |. For the external
motion, the slow rate is determined by the mean motional
energy and by the recoil energy at the wavelength of the light,
as we will extensively discuss in the next section.

The resulting master equation governs the dynamics of the
density operator �̂ defined in the Hilbert space of the cavity
fields and particle motion [31]:

∂

∂t
�̂ = 1

ih̄
[Ĥeff , �̂] + Lκ �̂ + Lγ ,eff �̂, (12)

where Ĥeff = Ĥext + Ĥmodes + Ĥ (c)
pump + V̂eff , and the optome-

chanical interaction between photonic fields and external
degrees of freedom reads

V̂eff = h̄
�2

a

�2
a + γ 2

N∑
j=1

1

�a
F̂ †

j F̂j . (13)

Here

F̂j = � fp(�̂r j ) +
M∑

n=1

gn fn(�̂r j )ân (14)

is the coherent sum of the transverse pump and cavity fields.
The Hamiltonian term in Eq. (13) is an effective interaction
between the cavity modes that depends on the atomic spatial
distribution. At the same time, it is also an effective mechan-
ical potential whose depth is determined by the sum of the
classical pump and the quantum cavity fields. The form of
Eq. (14) also shows that the individual atomic transitions act
as beam splitters, coherently mixing pump and cavity fields,
and thereby enabling interference between them [73]. As a
result, for certain atomic distributions, the potential (13) can
vanish; see Refs. [36,74–77].

We rewrite V̂eff = �2
a/(�2

a + γ 2) (V̂p + V̂cav) as the sum
of the mechanical potential due to coherent scattering of
pump photons, V̂p = ∑

j h̄ (|�|2/�a)( fp(�̂r j ))† fp(�̂r j ), and of
all other coherent scattering processes involving the cavity
fields,

V̂cav =
M∑

n,m=1

h̄ Unmâ†
n
̂nmâm +

M∑
n=1

h̄ (η∗
n
̂

†
npân + H.c.). (15)

For compactness, we have introduced ηn = �g∗
n/�a, scaling

the scattering processes which mix pump and cavity pho-
tons, while Unm = g∗

ngm/�a is the amplitude of processes
where a photon is scattered from cavity mode m to cavity
mode n (“cross-talking”). The operators 
̂ depend on the
positions of the particles through the mode functions of the
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fields,


̂np =
N∑

j=1

f †
n (�̂r j ) fp(�̂r j ),


̂nm =
N∑

j=1

f †
n (�̂r j ) fm(�̂r j ), (16)

with n, m = 1, . . . , M. Their specific form determines the
density patterns that maximize the corresponding scattering
processes. This form is valid also when each cavity mode is
pumped by means of a multimode laser, each driving a dif-
ferent dipolar transition [78,79]. In this case, the cross-talking
terms 
̂nm vanish.

Within this description, spontaneous atomic decay now
gives rise to an effective incoherent dynamics of the cavity
photons and atomic motion, described by the superopera-
tor [31,69]

Lγ ,eff �̂ = γ

�2
a + γ 2

N∑
j=1

(2F̂j ˆ̄� j F̂
†
j − [F̂ †

j F̂j, �̂]+),

with ˆ̄� j defined similarly to Eq. (6). Interestingly, incoherent
scattering can also be enhanced or suppressed by interference
between the pump and cavity fields, see Ref. [69]. In the
following, we will discard the incoherent dynamics due to
spontaneous emission by assuming γ � |�a|, typically re-
ferred to as dispersive regime.

The optomechanical master equation, Eq. (12), is the
model at the basis of most studies of cavity self-organization
and cavity cooling. Despite the elimination of the internal de-
grees of freedom, the analysis of the dynamics often requires
further assumptions. Figure 1(d) summarizes the various ap-
proaches used in the literature and the expected range of
validity. A widely adopted approach consists of performing
a mean-field approximation of the cavity fields amplitudes,
where quantum fluctuations are neglected [29,33,80]. This
approximation is expected to hold for sufficiently large cav-
ity fields, away from bistable points and can be extended to
include corrections due to cavity field fluctuations [81–83].
However, it has limited predictive power in the regime where
fluctuations dominate and atom-cavity correlations are im-
portant, such as at the phase transition where the particles
self-organize in ordered Bragg gratings.

The atom-only approach simplifies the optomechanical
master equation without performing a mean-field approxi-
mation. Such a description relies on a timescale separation
between particle and cavity dynamics, but it does not assume
vanishing correlations between them, as we argue in the fol-
lowing section.

III. ATOM-ONLY MASTER EQUATION

The atom-only master equation for the dynamics of a gas
of polarizable particles is obtained by eliminating the photonic
degrees of freedom from the optomechanical master equation.
It notably reduces the configuration space to the Hilbert space
of the particles’ external degrees of freedom and allows us
to efficiently describe cavity-mediated interactions and dis-
sipation. For few cavity modes, the cavity mediates global

interactions, as illustrated in Fig. 1(c). In its general form,
the equation is nonlocal in time and does not simplify the
theoretical analysis. Here we determine the regime in which
it can be reduced to a time-local master equation of Lindblad
form. We will argue that the resulting Lindblad master equa-
tion constitutes a valid quantum model within the regime of
a timescale separation between cavity and particle degrees of
freedom. We further show that the regime of validity can be
systematically extended to the regime of strong interactions
and relatively large intracavity photon numbers.

Our derivation extends the procedure of Ref. [50], which
was derived in the weak-coupling regime for spin models.
Transferring this method to the continuum of the external
motion is nontrivial, as we will discuss. We further highlight
that we also extend and verify the approach for strong cavity-
mediated interactions. In the following, we begin with the
optomechanical master equation (12) and outline the deriva-
tion of the atom-only master equation. Additional details are
provided in Appendix A.

A. Displaced reference frame

The optomechanical master equation (12) in the dispersive
regime (|�a| � γ ) takes the form

∂

∂t
�̂ = 1

ih̄
[Ĥeff , �̂] + Lκ �̂. (17)

The Hamiltonian reads

Ĥeff = ĤS + Ĥcav, (18)

where ĤS is the Hamiltonian of the external degrees of free-
dom in the absence of the coupling with the cavity modes:

ĤS =
N∑

j=1

(
�̂p2

j

2m
+ W (�̂r j ) + h̄

|�|2
�a

fp(�̂r j )
† fp(�̂r j )

)
, (19)

while Ĥcav contains the optomechanical coupling between
cavity modes and external degrees of freedom:

Ĥcav =
M∑

n,m=1

h̄ â†
n�̂nmâm +

M∑
n=1

h̄(Ĝ†
n(t )ân + â†

nĜn(t )). (20)

The operators are

�̂nm = −δn,m�n + Unm
̂nm,

Ĝn = ηn
̂np + ζneiδωpt ,
(21)

and they depend on the atomic positions within the cavity
modes.

We first discuss an insightful case, that will lead our deriva-
tion. Let us, for the moment, consider particles of infinite
mass. In this case, the atomic operators in Eq. (20) become
scalar functions, and the Hamiltonian Ĥcav can be brought
into a quadratic, diagonal form for the cavity field operators
via a unitary transformation. In particular, the second term on
the right-hand side of Eq. (20) is a displacement operator of
the cavity field modes, with amplitudes that depend on the
external longitudinal pump field and the atomic distribution
within the cavity modes. The standard procedure in the deriva-
tion of quantum optical master equations would then consist
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in transforming to a displaced reference frame in which the
cavity field modes are in the vacuum state [84,85].

Motivated by this observation, we now return to particles
of finite mass and postulate the unitary, time-dependent dis-
placement operator

D̂(t ) = exp[r̂(t )], (22)

with r̂† = −r̂, for displacing the cavity modes into the vacuum
state. Following the intuition gained from the infinite mass
limit, we are led to the following ansatz:

r̂(t ) =
M∑

n=1

(â†
nα̂n(t ) − α̂†

n (t )ân), (23)

where α̂n are operators acting on the atomic Hilbert space.
Physically, they can be interpreted as source fields for the
cavity modes that contain information about the atomic
state. Next, we determine the equations of motion for the
operators α̂n.

B. Derivation of the atom-only master equation

We determine the equations for the operators α̂n starting
from the master equation for the density operator ˆ̃� = D̂†�̂D̂
in the displaced reference frame, which is formally given by

∂

∂t
ˆ̃� = 1

ih̄
[Ĥ ′

eff ,
ˆ̃�] +

M∑
n=1

κnD[D̂†ânD̂] ˆ̃�

≡ LD ˆ̃�, (24)

where the explicit form of the superoperator D[X̂ ], with X̂ =
D̂†ânD̂, is given in Eq. (10) and

Ĥ ′
eff = D̂†ĤeffD̂ − ih̄D̂† ∂D̂

∂t
. (25)

Subsequently, we use the Nakajima-Mori-Zwanzig
method [86], for which we define the projector P acting on
a generic operator Ô in the composite Hilbert space of cavity
and motional degrees of freedom as the projection onto the
target subspace in which the cavity fields are in the vacuum
state: PÔ = 〈vac| Ô |vac〉 ⊗ |vac〉 〈vac|. Correspondingly, the
projector Q = 1 − P identifies the orthogonal subspace, and
the master equation (24) can be decomposed into coupled
equations for the projected density operators v̂ = P ˆ̃� and
ŵ = Q ˆ̃� [85]:

∂

∂t
v̂ = PLDv̂ + PLDŵ, (26)

∂

∂t
ŵ = QLDv̂ + QLDŵ. (27)

We assume that the initial state of the system, ˆ̃�(t = 0), lies
within in the target subspace; that is, the cavity modes are in
the vacuum state, and therefore Q ˆ̃�(t = 0) = ŵ(t = 0) = 0.
The condition that the cavity fields remain at all times in the
vacuum state, ŵ(t ) = 0, consists in requiring that [50]

QLDv̂ = 0, (28)

which ensures that no probability flow occurs from the vac-
uum subspace to states with nonzero photonic occupations.

This condition allows us to determine the equation that r̂,
Eq. (23), must satisfy. In fact, Eq. (28) takes the explicit form

1

ih̄
Q[Ĥ ′

eff , v̂] +
M∑

n=1

κnQD[D̂†ânD̂]v̂ = 0, (29)

where, using the Baker-Campbell-Hausdorff formula [85], the
transformed Hamiltonian Ĥ ′

eff , Eq. (25), and the field opera-
tors ân can be written as

Ĥ ′
eff =

∞∑
l=0

(−1)l

l!

[
r̂, Ĥeff − ih̄

l + 1

∂ r̂

∂t

]
l

, (30)

D̂†ânD̂ =
∞∑

l=0

(−1)l

l!
[r̂, ân]l . (31)

Here [r̂, Ô]l denotes the l-order nested commutator, explicitly
defined as [r̂, Ô]0 = Ô, [r̂, Ô]1 ≡ [r̂, [r̂, Ô]0] = [r̂, Ô], and in
general [r̂, Ô]l+1 = [r̂, [r̂, Ô]l ]. Equation (29) defines the time
evolution of the operators α̂n:

∂

∂t
α̂n = Fn({α̂m}, Ôat ), (32)

where Fn is a functional that depends on the operators α̂m

(m = 1, . . . , M) and other atomic operators Ôat. Provided it
exists, the solution α̂n(t ) warrants that the dynamics remains
confined to the target subspace at all times, so that Eq. (26)
reduces to

∂

∂t
v̂(t ) = PLDv̂(t ), (33)

where LD = LD[{α̂n(t )}]. By tracing out the cavity degrees
of freedom, Eq. (33) becomes an equation for the density
operator of the atomic degrees of freedom:

∂

∂t
μ̂ = Lat[{α̂n(t )}]μ̂, (34)

where

μ̂(t ) = 〈vac| v̂(t ) |vac〉 . (35)

The dynamics is governed by the atomic superoperator Lat

that depends explicitly on the operators α̂n. In general, α̂n has
an integral form that depends on the history of the atomic
state μ̂. As a consequence, Eq. (34) is an integrodifferential
equation. Our goal is to identify regimes in which it is local
in time and, in particular, takes the form of a Lindblad mas-
ter equation. Achieving this requires additional assumptions,
which we discuss next. We will show that these assumptions
are motivated by existing experimental parameter regimes,
and thus it makes the resulting Lindblad master equation a
powerful framework for predicting experimental results and
modeling the experimental dynamics.

C. Lindblad master equation

Before analyzing the regimes in which a Lindblad form
can be attained, it is instructive to first discuss the meaning of
Eq. (32). These equations are a function of atomic operators
in a mixed representation, in which both operators α̂n and the
density operator μ̂ are evolved in time [see Eq. (34)].

In order to unveil the time dependence of the individual ele-
ments of the equation—and thereby acquire information about

033719-6



MASTER EQUATION FOR A QUANTUM GAS OF … PHYSICAL REVIEW A 113, 033719 (2026)

the properties of the solutions—it is useful to consider the
equation for the expectation value 〈∂t α̂n〉 = Tr{(∂t α̂n(t ))μ̂(t )}.
For the typical scenarios considered here, this can be cast
in the form 〈∂t α̂n〉 = hn〈α̂n〉 + 〈Ôat〉, where hn contains char-
acteristic frequencies of the cavity modes and 〈Ôat〉 evolves
with the characteristic frequencies of the atomic system. Let
τmodes denote the characteristic timescale of the cavity modes’
dynamics, and τat the characteristic timescales of the atomic
motion. The latter depends on the motional energy and thus,
loosely speaking, on the temperature according to the defi-
nition used in laser cooling [29,87,88]. When τmodes � τat,
a coarse-graining timescale �t can be identified such that
τmodes � �t � τat. A coarse-graining procedure can then be
applied to the equation of motion, which amounts to perform-
ing a time averaging of the coupled equations for the atomic
density operator μ̂(t ) and the atomic operator α̂n(t ):

α̂n(t ) = 1

�t

∫ t+�t

t
dτ α̂n(τ ). (36)

According to this procedure, the time-averaged derivative
〈∂t α̂n(t )〉 = 0 vanishes in leading order, and the time deriva-
tives in Eq. (30) are effectively averaged out. As a result, the
operators α̂n entering Eq. (34) become local in time, and the
master equation acquires Lindblad form.

In what follows, we discuss two relevant examples in
which the atom-only Lindblad master equation can be de-
rived. These correspond to two limiting regimes: The first is
the weak-coupling limit, characterized by vanishing intracav-
ity photon numbers, and the second relies on an adiabatic
expansion, applicable when the cavity degrees of freedom
evolve faster than the atomic motional ones. This master
equation is one of the main results of this work. In fact,
differing from other perturbative expansions [89], the form of
our adiabatic master equation permits us to include nonadi-
abatic corrections in a systematic manner without violating
positivity. For this reason, it remains valid across a broad
range of optomechanical coupling strengths, from perturba-
tive cavity-mediated interactions to those that dominate the
atomic motion.

IV. LINDBLAD MASTER EQUATION
IN THE WEAK-COUPLING LIMIT

The formalism described above leads to a relatively simple
and compact master equation of Lindblad form in the limit in
which the coupling between atomic motion and cavity modes
is sufficiently weak. This equation is valid when the intra-
cavity photon number remains close to zero in the laboratory
frame, and its regime of validity is qualitatively illustrated in
Fig. 1(d). We highlight that, although a master equation under
similar assumptions has been derived in Ref. [37], the master
equation developed in this section is of Lindblad form and
therefore preserves the positivity of the density operator.

In what follows, we outline the steps required to explicitly
derive the atom-only Lindblad master equation and quantify
its regime of validity. We then benchmark the predictions of
the atom-only master equation against those of the optome-
chanical master equation from which it has been derived. To
this end, we choose specific parameters for which the cavity-
assisted dynamics leads to cooling of the atomic motion.

Finally, we illustrate the power of the formalism by deriving
an analytical description of the cooling dynamics.

A. Derivation of the atom-only master equation
in the weak-coupling limit

Before we start, we introduce the eigenbasis {|β〉} of the
mechanical Hamiltonian ĤS , satisfying the eigenvalue equa-
tion ĤS |β〉 = Eβ |β〉 with eigenenergies Eβ . By virtue of the
completeness relation, we express the operator α̂n in this
basis as

α̂n =
∑
β,β ′

α
(n)
β,β ′ |β〉 〈β ′| . (37)

The coefficients α
(n)
β,β ′ = 〈β| α̂n |β ′〉 obey a set of differential

equations that are derived from Eq. (29). These equations can
be simplified when 〈α̂†

n α̂n〉 � 1. This condition corresponds
to a vanishing photon number in the laboratory frame; in
fact, 〈α̂†

n α̂n〉 in the transformed reference frame corresponds to
the mean intracavity photon number 〈â†

nân〉 in the laboratory
frame. Under this assumption, we truncate the nested commu-
tators in Eq. (29) to first order and obtain a set of first-order
differential equations for the coefficients α

(n)
β,β ′ . We give their

form for a single cavity mode (M = 1):

i
∂

∂t
αβ,β ′ =

(Eβ − Eβ ′

h̄
− �̃ − iκ

)
αβ,β ′

+ U
∑
β ′′ �=β

〈β| 
̂11 |β ′′〉 αβ ′′,β ′

+ η 〈β| 
̂1p |β ′〉 + δβ,β ′ζeiδωpt , (38)

where we neglected all terms of second order in αβ,β ′ or
higher. In writing Eq. (38) we dropped the superscript n.
Here �̃ = � − U 〈β| 
̂11 |β〉 denotes the effective cavity de-
tuning, which includes the atomic-induced dispersive shift
U 〈β| 
̂11 |β〉.

The assumption of vanishing intracavity photons imposes
constraints on the pump strengths: For a longitudinal pump,
it requires |ζ | � |�̃ + iκ|; for a transverse pump, it requires
|η|N � |�̃ − δ + iκ|, where δ represents the energy differ-
ence between the coupled states [90]; its explicit form depends
on the Hamiltonian ĤS .

B. Dynamics of an atom in a transversely pumped resonator

We now provide the explicit form of α̂ in the single-mode
case (with the index n dropped) for insertion into the master
equation. To simplify the notation, we consider the case of
a single atom whose motion is restricted to the cavity axis
of a standing-wave resonator with wave number k. Let ĤS =
p̂2/(2m) and 
̂11 = cos2(kx̂). The resonator is driven by a
transverse pump that is orthogonal to the cavity axis. Accord-
ingly, in Eq. (38), we set ζ = 0 and identify 
̂1p = cos(kx̂).

In these settings, the eigenstates of the Hamiltonian ĤS are
the momentum eigenstates |p〉, with corresponding eigenen-
ergies Ep = p2/(2m). The matrix elements of 
̂1p = cos(kx̂)
are 〈p′| 
̂1p |p〉 = (δp′,p−h̄k + δp′,p+h̄k )/2, and thus couple
states with an energy difference Ep±h̄k − Ep = ±h̄kp/m +
h̄ωR, where ωR = h̄k2/(2m) is the recoil frequency. Applying
the coarse-graining procedure described above, we set the
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time derivative in Eq. (38) to zero and obtain with Eq. (37)
an explicit expression for the operator α̂:

α̂ =
∑

p

(α−(p) |p − h̄k〉 〈p| + α+(p) |p + h̄k〉 〈p|), (39)

where the coefficients are

α±(p) = η/2

� ∓ kp/m − ωR + iκ
. (40)

Note that we neglected here the shift U assuming that κ �
|U |; see Appendix B for details.

The effective master equation is obtained by inserting α̂

from Eq. (39) in Eq. (34). We report here the equations for
the diagonal elements �p = 〈p| μ̂ |p〉, which represent the
probability that the atom occupies the momentum state |p〉:

∂

∂t
�p = −(r−(p) + r+(p)) �p + r+(p − h̄k) �p−h̄k

+ r−(p + h̄k) �p+h̄k, (41)

where r±(p) = 2κ|α±(p)|2 are the scattering rates for pro-
cesses that increase (+) or decrease (–) the momentum. We
have neglected the coupling to the coherences 〈p′| μ̂ |p〉 with
p′ �= p, as these terms correspond to processes of higher order
in the small parameter |η|/κ . Further details are provided
in Appendix B. The set of equations (41) admits a steady-
state solution for � < 0. As shown in Appendix B 4, the
steady-state distribution takes the form of a q-Gaussian with
power-law tails; see also Ref. [91] for a semiclassical treat-
ment. The steady-state distribution approaches a Gaussian for
|�| � ωR [31,91].

C. Benchmark: Cavity cooling

In the weak-coupling limit, the timescale separation is war-
ranted, since the characteristic timescale at which the atomic
motion is modified scales with η

√
N . Moreover, the average

photon number in the laboratory frame remains small at all
times. This regime includes, for example, cavity-assisted cool-
ing via coherent photon scattering; see Refs. [92,93]. In the
following, we focus on this regime and analyze the validity
of the atom-only master equation in describing the cooling
dynamics of the atomic motion. The explicit expressions of
the optomechanical and the atom-only master equations are
reported in Appendix B.

Figure 2 compares the time evolution of the mean kinetic
energy as predicted by the optomechanical and atom-only
master equations. For the chosen parameter sets—within the
regime where the atom-only master equation is expected to be
valid—the predictions of both models show excellent agree-
ment.

We now further elaborate on the model of Eq. (41).
A relatively simple way to obtain an analytical predic-
tion for the dynamics is to make the ansatz �p(t ) =
exp(−β(t )p2/(2m))/Z , with Z = ∫

R dp exp(−β(t )p2/(2m)).
This corresponds to assuming that the momentum distribution
is a Gaussian at all times, with a time-dependent inverse tem-
perature β(t ) = 1/(2Ekin(t )) [87,88,95]. Through this ansatz,
β(t ) is directly related to the mean kinetic energy, Ekin(t ) =∫
R dp p2/(2m) �p(t ). The equation for Ekin is obtained by

FIG. 2. Evolution of the mean kinetic energy Ekin for an atom
undergoing cavity cooling. Energy and time are in units of h̄ωR and
of ω−1

R , respectively. The solid blue and the dashed orange curves
are, respectively, obtained by numerically integrating the optome-
chanical, Eq. (17), and the atom-only master equation, Eq. (34); see
Appendix B for their explicit expressions. The dotted green curve
corresponds to the prediction of the Gaussian ansatz, Eq. (42). The
parameters are as follows: (a) (η,�, κ ) = (1, −20, 20) ωR and (b)
(η, �, κ ) = (1,−20, 5) ωR. The initial atomic state is a thermal dis-
tribution exp(−β p̂2/(2m)) with initial temperature β−1 = 20 h̄ωR.
In the optomechanical master equation, the cavity is initially in the
vacuum state |vac〉. The insets show the kurtosis, Eq. (45), extracted
from the full simulations of the optomechanical master equation. All
equations were implemented and numerically integrated using the
library described in Ref. [94].

multiplying Eq. (41) by p2/(2m) and integrating over p:

∂

∂t
Ekin = −γ Ekin + h, (42)

where the coefficients are (here reported to leading order
in ωR)

γ = ωR|η|2 −8�κ

[�2 + κ2]2
,

h = ωR|η|2 h̄κ

�2 + κ2
. (43)

For γ > 0 (thus � < 0), the equation has a steady-state so-
lution, which is approached by an exponential decay at rate
γ . The stationary distribution is a Gaussian with mean kinetic
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energy,

E (ss)
kin = h

γ
= h̄[�2 + κ2]

8|�| , (44)

which reaches the minimum E (ss)
kin = h̄κ/4 at � = −κ [29,31].

This result has also been obtained using the Keldysh formal-
ism [58]. In Fig. 2, the dotted lines display the predictions of
Eq. (42) based on the Gaussian ansatz: The curves reproduce
the exponential decay of the mean kinetic energy, even though
they may not quantitatively reproduce the cooling rate or the
steady-state value.

We test the validity of the Gaussian ansatz by determining
the kurtosis

K = 〈(δ p̂)4〉/〈(δ p̂)2〉2, (45)

with δ p̂ = p̂ − 〈p̂〉. The insets in Fig. 2 display the kurtosis
of the distribution evaluated using the optomechanical mas-
ter equation. The deviation of the kurtosis from the value 3
signals a deviation from Gaussianity [96]. For both consid-
ered parameter sets, we observe, indeed, such deviations and,
correspondingly, also discrepancies between the simplified
model that uses a Gaussian approximation and the numerical
results. Remarkably, both approaches, the optomechanical and
the atom-only master equations, capture this non-Gaussian
behavior.

D. Discussion

First, we mention that the generalization of the atom-only
master equation to N atoms is straightforward, as we simply
need to exchange both operators 
̂1p = ∑N

j=1 cos(kx̂ j ) and


̂11 = ∑N
j=1 cos2(kx̂ j ). In this case, typical cooling rates are

rescaled by N and superradiant effects can accelerate the
cooling into the stationary state [97].

We note that the treatment in this section requires that
the number of intracavity photons is small at all times. This
condition can be relaxed for trapped atoms in the Lamb-
Dicke regime, when the size of the atomic wave packet is
smaller than the laser wavelength, see, e.g., Ref. [98]. The
addition of interparticle interactions can also be treated within
this formalism by choosing an adequate basis of many-body
states and identifying accordingly the timescales that allow
for a coarse-graining, see, e.g., Refs. [81,99]. The low-photon
number approximation, in this section, is equivalent to the
weak-coupling assumption. The latter is the approximation at
the basis of the atom-only master equation of Ref. [50]. In
general, the applicability of this approach is questionable for
describing the formation of correlated atomic states, such as
superradiant atomic configurations, where the magnitude of
the cavity-mediated potentials is comparable to the character-
istic energies of the atomic motion. In the next section, we
resolve this issue with a systematic approach that is also valid
for strong cavity-mediated interactions.

V. LINDBLAD MASTER EQUATION IN THE ADIABATIC
LIMIT AND BEYOND

Our goal is to describe the regime of strong cavity-
mediated interactions, in which collective phenomena emerge,
such as self-organization [3], the Dicke phase transition of

CQED [8], and time crystals [13,14], to name some promi-
nent examples. This regime is typically accompanied by
relatively large intracavity photon numbers, rendering per-
turbative treatments of the coupling with the cavity modes
inadequate. While mean-field descriptions go beyond the per-
turbative regime and have been successfully employed to
study such phenomena, they inherently neglect cavity-induced
atom-atom correlations, that are essential for describing corre-
lated phases of matter [16,57,100,101]. The atom-only master
equation developed in this work overcomes these limitations,
thus enabling the study of genuine quantum dynamics and
offering the possibility to derive simplified models that are
amenable to analytic treatments and more efficient numerical
treatments. It extends the parameter regime of validity and
covers the area of Fig. 1(d).

In this section, we first derive the atom-only master equa-
tion based on a timescale separation, that permits us to
implement an adiabatic expansion; the details of the derivation
are provided in Appendix A. Then, we test its predictions
for the Bose-Hubbard model of cavity QED by a systematic
comparison with the full optomechanical model.

A. Adiabatic limit

To derive the master equation, we first consider once again
the extreme limit of particles with infinite mass, where the
kinetic energy is zero, and an exact form can be derived even
for large intracavity photon numbers. In fact, after discard-
ing the kinetic energy, all atomic operators depend solely
on the atomic positions and can be treated as scalars. Thus,
the Hamiltonian Ĥeff , Eq. (18), is diagonal in the particles’
position basis and the photonic sector can be brought to a
diagonal form using a displacement transformation, Eq. (22),
generated by

r̂(t ) =
M∑

n=1

(â†
nα̂0,n(t ) − α̂

†
0,n(t )ân), (46)

where the atomic operators α̂0,n satisfy the equations of mo-
tion

∂

∂t
α̂0,n =

M∑
m=1

χ̂nmα̂0,m − iĜn(t ), (47)

with

χ̂nm = −i(�̂nm − iκnδn,m). (48)

For small contributions of the kinetic energy (large mass
and/or small temperatures), this is still a good solution for the
dynamics of particles in a resonator, as long as the diabatic
effects due to the atomic motion are negligible. In this case,
the master equation for the atomic density operator μ̂ takes
the form

∂

∂t
μ̂ = 1

ih̄

[
Ĥ at

eff,0, μ̂
] +

M∑
n=1

κnD[α̂0,n]μ̂, (49)

with

Ĥ at
eff,0 = ĤS + h̄

2

M∑
n=1

(Ĝ†
nα̂0,n + α̂

†
0,nĜn). (50)
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This master equation is of Lindblad form and includes a
cavity-mediated time-dependent potential [see second term
on the right-hand side of Eq. (50)] and dissipation with
time-dependent jump operators [see the second term on the
right-hand side of Eq. (49)].

To estimate the order of magnitude of the diabatic correc-
tions, we consider the first nontrivial term (l = 1) of the nested
commutators in Eq. (30) that originates from the kinetic en-
ergy Ĥkin = ∑

j �̂p2
j/(2m):

Ĥpert =
M∑

n=1

([α̂†
0,n, Ĥkin]ân + â†

n[Ĥkin, α̂0,n]), (51)

where we used that α̂0,n depends solely on the atoms’
positions, so that [ĤS, α̂0,n] = [Ĥkin, α̂0,n]. This term consti-
tutes the first nonvanishing diabatic correction coupling the
photonic vacuum to states with nonzero intracavity photon
number. We quantify its effective strength by evaluating the
expectation value of the commutator [Ĥkin, α̂0,n] over the
atomic state. In order to provide an estimate, we take a single-
mode cavity (M = 1) without longitudinal pump (ζ = 0) and
approximate �̂nn ≈ −�n. We further assume that the atomic
state is characterized by a Gaussian momentum distribution,
where the single-particle width is denoted as �p. Therefore,
the mean kinetic energy per particle is Ekin = �p2/(2m). With
this, one can estimate

‖[Ĥkin, α̂0,n]‖ ∼
√

4Ekin h̄ωR
|ηn

√
N |

|�n + iκn| .

Extending the adiabatic theorem to this situation, this strength
shall be compared with the cavity frequency and decay rate
|�n + iκn|, giving the condition for adiabatic dynamics:

|ηn

√
N |√

�2
n + κ2

n

√
4EkinωR

h̄
(
�2

n + κ2
n

) � 1, (52)

with Ekin � h̄ωR. The adiabatic condition (52) therefore im-
plies that the effective master equation (49) can be valid even
in rather strong-coupling regimes, where ηn

√
N � |�n + iκn|,

provided the atomic ensemble is sufficiently cold that |�n +
iκn|2 � EkinωR/h̄.

Condition (52) also implies that the master equation (49) is
valid only for a finite time. In fact, the Lindblad terms D[α̂0,n]
solely depend on the atomic positions. They emerge from
incoherent scattering processes, where photons are emitted
by the resonators. The dynamics they describe is a projective
measurement of the atoms’ positions, thus effectively causing
heating of the quantum gas over time [47,102]. We can esti-
mate the corresponding heating rate by examining the factor
scaling the Lindblad terms. For a single cavity mode, the
rate is

�n � κn|ηn|2
�2

n + κ2
n

, (53)

where we have neglected the dispersive shift. Hence, the mas-
ter equation (49) is expected to deliver a reliable description
for times t � 1/�n. We can extend the timescale over which
the master equation is valid by including the first diabatic
corrections. This is discussed in the next section.

B. Diabatic corrections

We now extend the master equation by taking into account
diabatic effects in leading order. For this purpose, we write

α̂n = α̂0,n + α̂1,n, (54)

where α̂0,n is the solution of Eq. (47) that depends solely on
the atoms’ positions, and α̂1,n incorporates the atoms’ mo-
menta by taking into account the term described in Eq. (51).
Before we delve into the derivation, based on a perturbative
analysis, it is important to identify a reasonable perturbation
order. Equation (50) contains two terms, namely ĤS and the
cavity-mediated term ∝ α̂0,n. We want their effects on the
dynamics of the atoms to be comparable, yet we also want
these effects to occur on a much slower timescale than the
typical timescale of the cavity degrees of freedom, which
is set by |�n + iκn|. Accordingly, we identify the two small
parameters

ε1 ≡
√

4EkinωR/h̄

|�n + iκn| , ε2 ≡ |ηn|
√

N

|�n + iκn| , (55)

where ε1 and ε2 represent the contributions of the kinetic
energy and the term ∝ α̂0,n in Eq. (50), respectively. Note that
condition (52) corresponds to assuming ε1ε2 � 1. However,
the two terms appear also individually, in fact ĤS/(h̄|�n +
iκn|) ∼ ε1 and α̂0,n ∼ ε2. In the rest of this section, we will
assume parameters for which ε1 ∼ ε2

2 ≡ ε2. This is chosen to
describe the crossover regime from weak to strong interac-
tions, where the energies of the cavity-mediated interactions
(∼ε2

2) become comparable to the kinetic energy scaling (∼ε1).
Our purpose is now to determine the correction α̂1,n ∼ ε3,
thereby pushing the validity of the master equation (49) to
include the lowest-order diabatic corrections.

In Appendix A, we show that the operators α̂1,n shall obey
the equations of motion

∂

∂t
α̂1,n = 1

ih̄
[ĤS, α̂0,n] +

M∑
m=1

χ̂nmα̂1,m. (56)

After applying the coarse-graining averaging, we find that the
fields �̂αν = (α̂ν,1, . . . , α̂ν,M )T (ν = 0, 1) take the form

�̂α0 =χ̂−1 �̂b, (57)

�̂α1 = − χ̂−1

(
1

ih̄
[ĤS, �̂α0]

)
, (58)

where χ̂ is the matrix with elements given in Eq. (48) and

�̂b(t ) = (iĜ1(t ), . . . , iĜM (t ))T . The master equation, including
the lowest-order diabatic corrections, reads

∂

∂t
μ̂ = 1

ih̄

[
Ĥ at

eff , μ̂
] +

M∑
n=1

κnD[α̂n]μ̂, (59)

with

Ĥ at
eff = ĤS + h̄

2

M∑
n=1

(α̂†
nĜn + Ĝ†

nα̂n). (60)

The Lindblad master equation (59) permits to describe the
onset of macroscopic correlations induced by the cavity
fields and thus to characterize critical behavior in many-body
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CQED. In the next section, we verify this claim for a paradig-
matic model: the Bose-Hubbard model of CQED.

C. Extended Bose-Hubbard model

In the following, we test the predictions of the atom-only
master equation for tightly bound bosons coupled to the
field of an optical resonator. We derive the extended Bose-
Hubbard model and make a systematic comparison with the
full optomechanical model. This comparison is performed
by determining the spectra of the optomechanical and of
the atom-only Lindblad operators. It allows us to verify the
regime of validity of our description, where the atom-only
master equation provides an exact solution of the dynamics.

To perform this validation, we consider a single cavity
mode with photon annihilation operator â, and assume that
the atoms are bosons confined in an optical lattice, within the
regime of the tight-binding and single-band approximation.
As shown in Appendix C, the Hamiltonian ĤS takes the form

ĤS = −h̄J
L−1∑
j=1

(b̂†
j b̂ j+1 + b̂†

j+1b̂ j ) + h̄
u

2

L∑
j=1

n̂ j (n̂ j − 1),

(61)
where b̂ j, b̂†

j annihilate and create, respectively, a boson at site

j = 1, . . . , L, with [b̂i, b̂†
j] = δi, j , [b̂i, b̂ j] = 0, and n̂ j = b̂†

j b̂ j

counts the number of particles at site j. The coefficient J is
the hopping amplitude, and u > 0 is the onsite repulsion.

As for the cavity field, we take large bare cavity detunings,
such that the contribution from the dispersive shift can be
neglected, � − U11
̂11 ≈ �. Moreover, as demonstrated in
Appendix C, for the tightly bounded particles, the operator

̂1p can be approximated by 
̂BH, defined as


̂BH =
L−1∑
j=1

(Zjn̂ j + Yj (b̂
†
j b̂ j+1 + b̂†

j+1b̂ j )), (62)

where the coefficients Zj,Yj depend on the spatial mode
functions of pump and cavity [43,59,103]. In what follows,
we assume for simplicity Yj ≈ 0 and Zj ≈ (−1) j , which is
reasonable within the tight-binding approximation when the
wavelength of the optical lattice matches that of the cavity
field and is the configuration of Refs. [28,103]. Under these
conditions, 
̂BH ≈ ∑

j (−1) j n̂ j (see Appendix C).
Within this model, the optomechanical master equa-

tion (17) takes the form ∂t �̂ = Lcav�̂ with

Lcav�̂ = 1

ih̄
[ĤS + Ĥcav, �̂] + κD[â]�̂, (63)

where [1,3]

Ĥcav = −h̄�â†â + h̄(η∗
̂†
BHâ + ηâ†
̂BH). (64)

To eliminate the cavity degrees of freedom, we require that
the inequalities J, u, |η|√N � |� + iκ| hold. It is instructive
to examine first the atom-only master equation of Eq. (59) in
the adiabatic limit. Thus, we set

α̂ ≡ α̂0 = η

� + iκ

̂BH, (65)

where the expression for α̂0 is derived from Eq. (57). Sub-
stituting this expression into Eq. (59) yields the adiabatic

atom-only master equation ∂t μ̂ = L0,eff μ̂, with

L0,eff μ̂ = 1

ih̄

[
ĤS + Ĥ (BH)

CQED, μ̂
] + �D[
̂BH]μ̂. (66)

The incoherent term is scaled by the rate � = κ|η|2/(�2 +
κ2). The Hamiltonian Ĥ (BH)

CQED reads explicitly

Ĥ (BH)
CQED = h̄

�|η|2
�2 + κ2


̂2
BH. (67)

For � < 0, the coherent cavity-mediated interaction favors
configurations maximizing the expectation value of 
̂2

BH =
(
∑

j (−1) j n̂ j )2 by either occupying only even or odd sites j.
The atom-only Lindbladian including the diabatic correc-

tion L1,eff is found by using α̂ = α̂0 + α̂1 in Eq. (59), where

α̂1 = 2Jη

(� + iκ )2

L−1∑
j=1

(−1) j (b̂†
j b̂ j+1 − b̂†

j+1b̂ j ) (68)

as derived from Eq. (58). This leads to additional terms in the
Hamiltonian and the dissipator in comparison to the adiabatic
Lindbladian (66).

We validate the atom-only master equation by performing
the linear decomposition of Lindblad operators, Lρ̂λ = λρ̂λ,
where λ are the complex eigenvalues and ρ̂λ the right eigen-
vectors [104]. As we detail in Appendix D, the spectra and
the eigenvectors provide full knowledge of the dynamics for
a given initial state. It is important to note that the coarse-
graining averaging—at the basis of the atom-only master
equation—introduces a lower bound on the time resolution,
set by the coarse-graining time �t . This, in turn, defines an
effective energy cutoff h̄/�t , below which the spectrum of
Lcav is expected to be captured by the atom-only description.
We thus compare the spectra of eigenvalues of the atom-only
Lindbladian L0,eff with the eigenvalues of the optomechani-
cal Lindbladian Lcav in the regime where they are expected
to agree. We also determine the spectrum of the atom-only
Lindbladian L1,eff , which includes the first diabatic correction.

We numerically perform the linear decomposition on a
small lattice composed of four sites and for two bosons.
Figures 3(a) and 3(b) display the eigenvalue spectra for two
different values of the atom-cavity coupling strength η �
J but corresponding to the adiabatic parameter ε ≈ 0.04
and ε ≈ 0.36, respectively. Deep in the adiabatic regime,
Fig. 3(a), the three spectra agree within the graphical reso-
lution. As the magnitude of the diabatic corrections increases
[see Fig. 3(b)], the discrepancy between the atom-only and the
optomechanical Lindbladians becomes evident. Nevertheless,
the atom-only Lindbladians L0,eff and L1,eff still capture the
slowest-decaying eigenvalues with a relatively small error.

Figures 3(c) and 3(d) display the dynamics of the observ-
able 〈
̂2

BH〉 according to the three Lindblad master equations.
This observable is related to the intracavity photon number
in the laboratory frame. In the adiabatic regime, Fig. 3(c),
the diabatic correction remains small at short times, so the
predictions according to L1,eff do not substantially differ from
the adiabatic evolution. At longer times, instead, the adiabatic
evolution does not reproduce the dynamics of the full op-
tomechanical simulation. Remarkably, the regime of validity
of the atom-only master equation is significantly extended
by including the diabatic correction. In Fig. 3(d), where the
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FIG. 3. Benchmark of the atom-only master equation for the Bose-Hubbard model coupled to a dissipative cavity mode for a lattice
with N = 2 bosons and L = 4 sites and open boundary conditions. The left panels correspond to the adiabatic regime, with ε = 0.04. In the
right panels, ε = 0.36, such that diabatic corrections become relevant. Upper row: Eigenvalues λ (in units of J) of the adiabatic atom-only
Lindbladian L0,eff , and of the atom-only Lindbladian L1,eff including the first diabatic correction. The eigenvalues of the optomechanical
Lindbladian Lcav, Eq. (63), are presented up to a chosen energy cutoff. The insets zoom into the slowest-decaying bundle of eigenvalues.
Lower row: Evolution of 〈
̂2

BH〉 predicted using the optomechanical (blue solid line) and the atom-only Lindbladians, with (orange dotted line)
and without (pink dashed line) the first diabatic correction. The black dotted-dashed line in (c) marks the value 〈
̂2

BH〉/N2 = 0.6 for a fully
mixed state. The inset of (d) shows the dynamics of the cavity population 〈â†â〉 using the optomechanical Lindbladian (blue solid line) and the
expectation value 〈α̂†α̂〉 for L1,eff (orange dotted line). The atoms are initially in the ground state of the Bose-Hubbard model ĤS , Eq. (61).
In the optomechanical simulations, the cavity mode is initially in the vacuum state. The parameters are u = 2.5J , � = −500J , κ = 500J and
[(a) and (c)] η = 100J , [(b) and (d)] η = 300J . Numerical simulations were performed using the framework of Ref. [94].

diabatic corrections are substantial, the agreement between
the atom-only and the full optomechanical models reduces
to shorter times. In the inset, we report the dynamics of the
intracavity photon number, 〈â†â〉, obtained from the optome-
chanical master equation, and the expectation value 〈α̂†α̂〉
from the atom-only master equations—equivalent to the pho-
ton number in the laboratory frame. This shows that, at very
short times, the discrepancy corresponds to the buildup of a
finite intracavity field on a timescale shorter than the coarse-
graining time.

This comparison shows that, by including systematically
higher-order diabatic corrections, one can substantially extend
the range of validity of the atom-only model in time in the
strong-coupling regime. We remark that the adiabatic approx-
imation will not capture the steady state of the optomechanical
model. In particular, the stationary state of the adiabatic,
atom-only master equation is an infinite-temperature state that
maximizes the entropy. With diabatic corrections, the steady
state can be different from the infinite-temperature state, as

it is also indicated in Fig. 3(c). That implies that diabatic
corrections are essential to describe superradiant stationary
states [105].

We finally emphasize that, despite including the diabatic
corrections, the Lindblad form remains preserved. This makes
our master equation a powerful framework for describing the
dynamics of quantum macroscopic correlations induced by
the strong coupling with light.

VI. CONCLUSION AND OUTLOOK

We have presented a theoretical framework that permits
to consistently describe the onset of quantum correlations in
quantum gases coupled to optical resonators. The framework
systematically encompasses cavity-induced phenomena, such
as quantum self-organization and cavity cooling of polarizable
particles, and can be extended to analyze novel regimes so far
inaccessible to existing theories.
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Within this framework, we derived a Lindblad master equa-
tion for the mechanical motion of the particles by eliminating
the resonator degrees of freedom while retaining slow atom-
field correlations. As a result, the master equation captures
quantum effects due to multiple photon scattering. The model
has a broad range of applications, from cold atoms down
to the ultracold regime, from weakly correlated to strongly
correlated quantum gases. The description is not limited to the
weak-coupling limit between cavity field and atoms, and can
cover a relatively wide range of intracavity photon numbers.
Since the atoms are here described by their polarizability, this
model can also be applied to the dynamics of other polarizable
particles, such as molecules in resonators in the regime of
coherent scattering, and could be extended to include the
rovibrational degrees of freedom in a systematic manner [19].

From the formal point of view, our theory is valid within
an ultraviolet cutoff, which determines the shortest timescale
�t that the master equation can faithfully describe. This
timescale is physical and is determined by the characteristic
timescale τmodes of the cavity modes, within which entangle-
ment between the cavity and the atoms is generated [57]. This
establishes a connection with other formal treatments such as
the coarse-graining master equation of Refs. [106,107]. As
for the coarse-graining master equation, we do not need to
invoke the rotating-wave approximation to ensure positivity.
We further note that the formalism is valid for atoms in mul-
timode cavities. It does not have formal limitations on the
number of cavity modes and can be extended to a continuum
within the coarse-graining approach [108].

The theory provides a solid ground for systematically con-
necting the dynamics of quantum self-organization in cavities
with driven-dissipative models of particles interacting via
long-range forces [109], permitting to identify the experimen-
tal parameters that control the dynamics as well as to analyze
the dynamics of novel emerging phases of strongly corre-
lated photon-matter systems. Starting from the N-body master
equation of cavity QED here derived, a systematic analysis
can be performed numerically and analytically by means of
the BBGKY hierarchy extending treatments developed in the
semiclassical regime [110–112] to the full quantum regime.
The lowest-order equation is, for ultracold bosons forming
a condensate, a generalized Gross-Pitaevskii equation which
has been used to predict the stationary and out-of-equilibrium
dynamics of quantum gases in two cavity modes, finding very
good quantitative agreement [77]. The corresponding energy
functional allows one to identify the free energy landscape of
the mean-field solutions, including metastable configurations.
This will be subject of future studies. Beyond mean-field, our
theory validates analyses based on Bogoliubov excitations of
atom-only CQED Hamiltonians [113] and permits to include
in a systematic way the effects of the incoherent dynamics.

The theoretical model here presented allows one to gain
insight into the basic mechanisms at play and establishes the
basis for developing protocols to engineer quantum many-
body states and dynamics in CQED settings. The formalism
can be extended to a variety of platforms, such as optome-
chanical arrays [114–116] and polaritonic systems [117–119],
where it may serve as a tool to investigate dynamics be-
yond mean-field and semiclassical descriptions. The relative
simplicity of the model permits to identify the key control

parameters, and thereby paves the way towards designing
the stationary and out-of-equilibrium dynamics of many-body
systems using photon-induced interactions.
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APPENDIX A: DETAILED DERIVATION OF THE
ATOM-ONLY MASTER EQUATION

In this Appendix, we present a detailed derivation of the
atom-only master equation (59), outlined in Sec. V.

1. Displacement and useful relations

The starting point of the derivation is the displaced master
equation introduced in Eq. (24), obtained via a transformation
using the displacement operator [see Eqs. (22) and (23)]

D̂(t ) = exp[r̂(t )], (A1)

with

r̂(t ) =
M∑

n=1

(â†
nα̂n(t ) − α̂†

n (t )ân). (A2)
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According to the Baker-Campbell-Hausdorff formula [85],
a generic operator Ô in the displaced reference frame is
given by

D̂†ÔD̂ =
∞∑

l=0

(−1)l

l!
[r̂, Ô]l , (A3)

where [r̂, Ô]l denotes the l-order nested commutator, ex-
plicitly defined as [r̂, Ô]0 = Ô, [r̂, Ô]1 = [r̂, Ô], [r̂, Ô]2 =
[r̂, [r̂, Ô]], and so on. To compute the transformed Hamil-
tonian Ĥ ′

eff = D̂†Ĥeff D̂ − ih̄D̂†∂t D̂, the following additional
identity is particularly useful:

D̂† ∂D̂

∂t
=

∞∑
l=0

(−1)l

(l + 1)!

[
r̂,

∂ r̂

∂t

]
l

. (A4)

This relation follows directly from the operator identity [121]

∂

∂λ
eŶ (λ) =

∫ 1

0
dx e(1−x)Ŷ ∂Ŷ

∂λ
exŶ , (A5)

for any operator Ŷ (λ) that is an analytic function of a param-
eter λ. In our case, we identify Ŷ ≡ r̂ and λ ≡ t .

For the time-dependent atomic operators α̂n we make the
ansatz α̂n = α̂0,n + α̂1,n, where α̂0,n are operators that depend
only on the particles’ positions, thus, obeying the commuta-
tion relations:

[α̂0,n, α̂0,m] = [α̂0,n, α̂
†
0,m] = 0, ∀n, m = 1, . . . , M. (A6)

The operators α̂1,n, instead, may depend on both, the particles’
positions and momenta.

2. Perturbative expansion

As motivated in the main text, our objective is to perform a
perturbative expansion in the small parameter ε [see Eq. (55)
and the text below]. We identify the scaling

ĤS

h̄|�n + iκn| ∼ ε2,
Ĝn

|�n + iκn| ∼ ε, (A7)

while for the atomic operators α̂, we make the assumptions

α̂0,n ∼ ε, α̂1,n ∼ ε3. (A8)

In view of this perturbative treatment, the transformed Lind-
bladian LD from Eq. (24) can be understood as a perturbative
series in ε, explicitly expressed as

LD =
∞∑

n=0

[LD]εn , (A9)

where [LD]εn denotes the collection of all contributions of the
displaced Lindbladian of order εn. Throughout this Appendix,
we will consistently use this notation to highlight the order of
a transformed quantity in ε.

3. Transformed Lindbladian

In the following, we explicitly compute the different orders
of the transformed Lindbladian LD.

a. Up to order ε2

We start by computing all terms of the series (A9) up to
order ε2, as indicated by a subscript “� ε2”:

[LD]�ε2 ≡ [LD]0 + [LD]ε + [LD]ε2 . (A10)

For this purpose, we can assume α̂n = α̂0,n by dropping α̂1,n

as it would lead to higher-order terms ∼ε3. Using Eq. (A3)
and accounting for the commutation relations (A6), one can
then straightforwardly show that D̂†�̂nmD̂ = �̂nm, D̂†ĜnD̂ =
Ĝn, and D̂†ânD̂ = ân + α̂0,n. Furthermore, from Eq. (A4), we
derive the relation[

D̂† ∂D̂

∂t

]
�ε2

=
M∑

n=1

((â†
n + α̂

†
0,n/2)∂t α̂0,n − H.c.). (A11)

With these results, the displaced Hamiltonian Ĥ ′
eff =

D̂†Ĥeff D̂ − ih̄D̂†∂t D̂ up to order ε2 takes the form

[Ĥ ′
eff ]�ε = ĤS +

M∑
n,m=1

h̄â†
n�̂nmâm +

M∑
n=1

h̄(â†
nÊ0,n + H.c.)

+
M∑

n=1

h̄

[
α̂

†
0,n

(
Ĝn − i

h̄

2
∂t α̂0,n

)
+ H.c.

]

+
M∑

n,m=1

h̄α̂
†
0,n�̂nmα̂0,m, (A12)

where we defined

Ê0,n = Ĝn +
M∑

m=1

�̂nmα̂0,m − i
∂

∂t
α̂0,n. (A13)

For the displaced dissipator D[D̂†ânD̂], we find the expression

[D[D̂†ânD̂] ˆ̃�]�ε2 = D[ân] ˆ̃� + D[α̂0,n] ˆ̃� + (2ân ˆ̃�α̂
†
0,n

− α̂
†
0,nân ˆ̃� − â†

nα̂0,n ˆ̃� + H.c.), (A14)

with the transformed state ˆ̃� = D̂†�̂D̂. With the Hamilto-
nian (A12) and the dissipator (A14), we have fully determined
the displaced Lindbladian up to order ε2. Our next objec-
tive is to determine the operators α̂0,n such that it preserves
the factorized form ˆ̃� = μ̂ ⊗ |vac〉 〈vac| of the transformed
state. This requirement is satisfied when the following equa-
tion holds:

Ê0,n = iκnα̂0,n, (A15)

which corresponds to Eq. (47) in the main text. Under this
condition, the transformed Lindbladian to order ε2 takes the
form

[LD ˆ̃�]�ε2 = 1

ih̄

[
Ĥ at,0

eff +
M∑

n,m=1

h̄â†
n�̂nmâm, ˆ̃�

]

+
M∑

n=1

κnD[ân] ˆ̃� +
M∑

n=1

κnD[α̂0,n] ˆ̃�

+
M∑

n=1

2κn(ân ˆ̃�α̂
†
0,n − α̂

†
0,nân ˆ̃� + H.c.), (A16)
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where Ĥ at
eff,0 is defined in Eq. (50). By construction, the re-

maining terms acting on the cavity degrees of freedom now
vanish when applied to the vacuum state. Therefore, for an ini-
tial state of the form ˆ̃� = μ̂ ⊗ |vac〉 〈vac|, these terms can be
discarded. Furthermore, we can eliminate the cavity degrees
of freedom altogether by projecting onto the vacuum state;
this leads to the atom-only master equation in Lindblad form
presented in Eq. (49), governing the dynamics of the atomic
density operator μ̂ = 〈vac| ˆ̃� |vac〉.

b. Order ε3

The first contribution of the displaced Lindbladian LD

originating from the operator α̂1,n appears at order ε3 and is
explicitly given by

[LD]ε3 ˆ̃� = 1

ih̄

[
h̄

M∑
n=1

(â†
n(Ê1,n − iκnα̂1,n) + H.c.)

+ h̄
M∑

n,m,l=1

â†
n([α̂†

1,l , �̂nm]âl + â†
l [�̂nm, α̂1,l ])âm, ˆ̃�

]

+
M∑

n=1

2κn(ân ˆ̃�α̂
†
1,n − α̂

†
1,nân ˆ̃� + H.c.), (A17)

where the operator Ê1,n is defined as

Ê1,n = 1

h̄
[ĤS, α̂0,n] +

M∑
m=1

�̂nmα̂1,m − i
∂

∂t
α̂1,n. (A18)

In the expression (A17), all terms that couple the vacuum state
to higher photon-number states have already been collected
in the first line on the right-hand side. As before, we aim to
eliminate this coupling by imposing the condition

Ê1,n = iκnα̂1,n, (A19)

which corresponds to the equation of motion for α̂1,n given
in Eq. (56). Consequently, the O(ε3) contribution to the dis-
placed Lindbladian vanishes when acting on states of the form
ˆ̃� = μ̂ ⊗ |vac〉 〈vac|, i.e.,

[LD]ε3 ˆ̃� = 0. (A20)

c. Order ε4

The first nonvanishing contribution of α̂1,n to the dynamics
of the atomic density operator μ̂ arises at order ε4, through
the term [LD]ε4 . By explicitly deriving this contribution and
projecting onto the vacuum state, we obtain

〈vac| ([LD]ε4 ˆ̃�) |vac〉

= 1

ih̄

[
h̄

2

M∑
n=1

(Ĝ†
nα̂1,n + α̂

†
1,nĜn), μ̂

]

+
M∑

n=1

κn(2α̂1,nμ̂α̂
†
0,n − α̂

†
0,nα̂1,nμ̂ − μ̂α̂

†
0,nα̂1,n + H.c.).

(A21)

At first glance, adding this correction to the expression in
Eq. (A16) seems to violate the Lindblad form. However, it can
be restored by including terms of higher order, specifically of

order ε6. Incorporating such terms then leads to the Lindblad
master equation (59), that is valid up to order ε4. In a similar
way, we may combine both equations of motion for α̂0,n and
α̂1,n, given in Eqs. (A15) and (A19), respectively, and include
a higher-order term, (1/h̄)[ĤS, α̂1,n]. This yields a single equa-
tion of motion for the composite operator α̂n = α̂0,n + α̂1,n.

APPENDIX B: CAVITY COOLING

In this Appendix, we provide further details on the case
study of cavity cooling, discussed in Sec. IV.

1. Optomechanical master equation

We consider a single atom that interacts with a single-mode
cavity and is driven by a pump orthogonal to the cavity axis. In
the dispersive regime, |�a| � γ , the optomechanical master
equation, Eq. (12), simplifies to

∂

∂t
�̂ = 1

ih̄
[Ĥeff , �̂] + Lκ �̂, (B1)

where the dissipator for a single cavity mode reads Lκ =
κ (2â�̂â† − [â†â, �̂]+). Without direct drive of the cavity
mode, Ĥ (c)

pump = 0, the Hamiltonian is of the form Ĥeff = ĤS +
Ĥmode + V̂eff . The free Hamiltonian of the cavity mode reads
explicitly Ĥmode = −h̄�â†â. We assume that the particle is
tightly confined in the transverse direction, thus, restricting
their motion to the cavity axis, say the x axis. The Hamiltonian
of the particle then reads ĤS = p̂2/(2m). By virtue of this
transversal confinement, the laser, which propagates perpen-
dicular to the motional axis, is uniform and the mechanical
effects of light are solely due to cavity-atom interactions:
V̂eff = h̄U 
̂11â†â + h̄(η â†
̂1p + H.c.), with 
̂1p = cos(kx̂),

̂11 = cos2(kx̂), and k is the wave number of the cavity mode.

2. Atom-only master equation

To derive the atom-only master equation, we first express
the atomic operator

α̂ =
∑
p,p′

αp,p′ |p〉 〈p′| (B2)

in the eigenbasis of the mechanical Hamiltonian ĤS , that
is, the momentum eigenstates |p〉, satisfying ĤS |p〉 =
p2/(2m) |p〉. The coefficients αp,p′ obey the coupled differen-
tial equations [see Eq. (38)]

i
∂

∂t
αp,p′ =

(
p2 − (p′)2

2mh̄
− � + U

2
− iκ

)
αp,p′

+ U

4
(αp−2h̄k,p′ + αp+2h̄k,p′ )

+ η

2
(δp′,p−h̄k + δp′,p+h̄k ). (B3)

In the weak-coupling limit, |η| � κ , this equation can be
solved for its steady state. Assuming further |U | � |η|, we
can discard the contributions coming from the dispersive shift,
such that the steady state takes the form

αp,p′ = α−(p′)δp,p′−h̄k + α+(p′)δp,p′+h̄k, (B4)
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with α± given in Eq. (40). Plugging the expression for the
coefficients in the expansion (B2), we obtain the expression
presented in the main text in Eq. (39). The atom-only master
equation, Eq. (34), is here given by

∂

∂t
μ̂ = 1

ih̄

[
Ĥ at

eff , μ̂
] + κD[α̂]μ̂, (B5)

with

Ĥ at
eff = ĤS + h̄

2
(η α̂†
̂1p + H.c.). (B6)

3. Rate equations

In order to get insight into the cooling dynamics, we
analyze the dynamical evolution of the momentum state occu-
pations �p = 〈p| μ̂ |p〉. Their equation of motion is found by

projecting the atom-only master equation onto the momentum
state |p〉:

∂

∂t
�p = 1

ih̄
〈p| [Ĥ at

eff , μ̂
] |p〉 + κ 〈p| (D[α̂]μ̂) |p〉 . (B7)

Using that 
̂1p |p〉 = (|p − h̄k〉 + |p + h̄k〉)/2, we obtain

〈p| [Ĥ at
eff , μ̂

] |p〉

= h̄

4
([ηα∗

−(p) + η∗α+(p − 2h̄k)] 〈p − 2h̄k| μ̂ |p〉
+ [ηα∗

+(p) + η∗α−(p + 2h̄k)] 〈p + 2h̄k| μ̂ |p〉 − c.c.),
(B8)

where c.c. denotes the complex conjugate, and

〈p| (D[α̂]μ̂) |p〉 = 2|α+(p − h̄k)|2�p−h̄k + 2|α−(p + h̄k)|2�p+h̄k − 2(|α−(p)|2 + |α+(p)|2)�p

+ 2(α+(p − h̄k)α∗
−(p + h̄k) 〈p − h̄k| μ̂ |p + h̄k〉 + c.c.)

− (α∗
−(p)α+(p − 2h̄k) 〈p − 2h̄k| μ̂ |p〉 + α∗

+(p)α−(p + 2h̄k) 〈p + 2h̄k| μ̂ |p〉 + c.c.). (B9)

Generally, the populations �p couple to coherences 〈p′| μ̂ |p〉,
p′ �= p, as visible from Eqs. (B8) and (B9). In the weak-
coupling limit, with a cavity loss rate that fulfills |η|/κ � 1,
this coupling can be discarded and we can describe the dy-
namics solely in terms of occupations. For the dynamics of
the latter, we can thus neglect the coherent part, Eq. (B8), and
restrict to the incoherent part, Eq. (B9), simplifying to

〈p| (D[α̂]μ̂) |p〉
≈ 2|α+(p − h̄k)|2�p−h̄k + 2|α−(p + h̄k)|2�p+h̄k

− 2(|α−(p)|2 + |α+(p)|2)�p. (B10)

With this, Eq. (B7) becomes the equation of motion (41) given
in the main text, with the rates r±(p) = 2κ|α±(p)|2.

4. Steady-state distribution

We now analyze the steady-state probability �p for large
momenta p. We first observe that r+(−p) = r−(p); therefore,
the steady-state distribution is symmetric about p = 0, and we
can focus on the populations with p � 0. By imposing de-
tailed balance, the stationary distribution satisfies the relation

�p+h̄k = �p
r+(p)

r−(p + h̄k)
. (B11)

Recursively applying this relation leads to the equation con-
necting the population at momentum p with the population at
momentum p′ = p + nh̄k, with n > 0:

�p′ = �p

n∏
s=1

r+(p + (s − 1)h̄k)

r−(p + sh̄k)
. (B12)

For s � 1, one can approximate the ratio with a Taylor expan-
sion truncated in first order in 1/s:

r+(p + (s − 1)h̄k)

r−(p + sh̄k)
≈ 1 + 2

�

s ωR
. (B13)

In the following, we simplify

ln(�p′ ) ∼
n∑

s=1

ln

(
r+(p + (s − 1)h̄k)

r−(p + sh̄k)

)
(B14)

for very large p′ and by performing a Taylor expansion of the
summands for very large s and n. Here ln denotes the natural
logarithm. Taking the infrared cutoff s0 in the sum, we obtain∑n

s=s0
1/s ∼ ln(n) for very large n and

ln(�p′ ) ∼ 2
�

ωR
ln(n). (B15)

For large momenta p′ = p + nh̄k ≈ nh̄k, we then obtain the
behavior of the populations at the tails of the distribution:

�p′ ∼ n2 �
ωR = C

(
p′2

2mh̄ωR

)�/ωR

, (B16)

with C a constant; see also Refs. [91,122]. Note that this result
implies that the probability density is not normalizable if � �
−ωR/2. In fact, in this regime, the coupling with the cavity
heats the atoms. Moreover, the mean kinetic energy is infinite
for � � −3ωR/2 due to the contributions of the power-law
tails to the integral.

APPENDIX C: BOSE-HUBBARD MODEL
WITH CAVITY-MEDIATED INTERACTIONS

In this section, we provide further details on the Bose-
Hubbard model with cavity-mediated long-range interactions,
studied in Sec. V C.

1. Second-quantized Hamiltonian

Consider a quantum gas of identical atoms, which is
conveniently described in the second quantization formal-
ism. We denote by ψ̂ (�r) the atomic field operator obeying
[ψ̂ (�r), ψ̂†(�r′)]± = δ(�r − �r′) and [ψ̂ (�r), ψ̂ (�r′)]± = 0, with
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[ ]± indicating the anticommutator (+) or commutator (−)
depending on whether the atoms are fermions or bosons,
respectively. Let the total Hamiltonian be of the form

Ĥ = Ĥext + Ĥcoll + Ĥcav, (C1)

with the external Hamiltonian

Ĥext =
∫

d3r ψ̂†(�r)

(
− h̄2

2m
�∇2 + W (�r)

)
ψ̂ (�r), (C2)

and Ĥcoll the s-wave scattering term for bosons:

Ĥcoll = h̄
u′

2

∫
d3r ψ̂†(�r)ψ̂†(�r)ψ̂ (�r)ψ̂ (�r), (C3)

with u′ > 0 the scaling amplitude. Within this formalism, the
second-quantized form of the operators 
̂ [see Eqs. (16)],
entering in the Hamiltonian Ĥcav [see Eq. (20)] originating
from the coupling to cavity modes, reads


̂nm =
∫

d3r ψ̂†(�r) f ∗
n (�r) fm(�r)ψ̂ (�r), (C4)

with n, m ∈ {p, 1, 2, . . . , M}.

2. Dissipative Bose-Hubbard model of CQED

In the following, we provide a systematic derivation of the
atom-only, extended Bose-Hubbard model. For simplicity, we
consider a single cavity mode. The atoms’ motion is assumed
to be tightly bound to the cavity axis, say the x axis, through
an external potential, creating effectively a one-dimensional
system; they are further pumped by a laser field orthogonal to
the motional axis. Additionally, a one-dimensional optical lat-
tice W (x̂) = V0 cos2(k0x̂) confines the atoms along the cavity
axis with lattice depth V0 and wave number k0, such that the
periodicity is a = π/k0. In the single-band approximation, the
one-dimensional atomic field operator can be written as

ψ̂ (x) =
∑

i

wi(x)b̂i, (C5)

where wi(x) is the (real) Wannier function centered at the
lattice site xi = ia and b̂i annihilates a boson at site i, such that
[b̂ j, b̂†

i ] = δi, j and [b̂ j, b̂i] = 0. Using the Wannier decom-
position, the external Hamiltonian (C2) gives rise to a local
energy and a hopping term, while the contact interactions,
Eq. (C3), turn into an onsite repulsion term. The resulting
Bose-Hubbard Hamiltonian is given in Eq. (61) with coef-
ficients J = − ∫

dx wi(x)(−(h̄2/2m)∂2
x + W (x))wi+1(x) and

u = u′ ∫ dx (wi(x))4, see Ref. [123]. In the one-dimensional
case, we can approximate f ∗

1 (�r) fp(�r) ≈ cos(kx), where k is
the cavity mode wave number, and the operator 
̂1p takes the
form


̂BH =
∑

j

(Zjn̂ j + Yj (b̂
†
j b̂ j+1 + b̂†

j+1b̂ j )). (C6)

Here Zj = ∫
dx w j (x) cos(kx)w j (x), Yj = ∫

dx w j (x)
cos(kx)w j+1(x), and n̂ j = b̂†

j b̂ j . In writing Eq. (C6) we have
dropped the terms beyond nearest-neighbors, consistently
with the expansion of the Bose-Hubbard term (61) and in line
with the tight-binding approximation.

Using Eq. (C6) into Eq. (67), we obtain a CQED
Hamiltonian describing global density-density interactions,
density-mediated tunneling, and global bond-bond interac-
tions [41,103]:

Ĥ (BH)
CQED = h̄|η|2�

�2 + κ2

∑
i, j

(ZiZ j n̂in̂ j + ZiYj n̂iB̂ j

+ YiZ jB̂in̂ j + YiYjB̂iB̂ j ), (C7)

where B̂ j = b̂†
j b̂ j+1 + b̂†

j+1b̂ j . The dissipative part in Eq. (66)
acquires an interesting form, showing that cavity decay, being
nonlocal, establishes correlations between densities (n̂ j), as
well as between bonds (B̂ j), and between densities and bonds
of every pair of sites:

D[
̂BH]μ̂ =
∑
i, j

ZiZ j (2n̂iμ̂n̂ j − [n̂ j n̂i, μ̂]+)

+
∑
i, j

YiYj (2B̂iμ̂B̂ j − [B̂ j B̂i, μ̂]+)

+
∑
i, j

YiZ j (2B̂iμ̂n̂ j − [n̂ j B̂i, μ̂]+ + H.c.).

(C8)

The specific form of the coefficients Zi,Yi depends on the
ratio between the periodicity of the optical lattice and of the
cavity field, determined by k/k0. Incommensurate ratios can
give rise to exotic glass phases, see Refs. [43,59,75] for the
Hamiltonian case. Mobility edges, with signatures of many-
body localization, have been reported in Refs. [102,124].

The dynamics in the presence of the incoherent term, in-
stead, is largely unexplored. Within the operator approach,
the incoherent term gives rise to the input noise term in the
Heisenberg-Langevin equation [40,59]. In most treatments of
many-body CQED, it has been neglected, assuming κ � |�|.

APPENDIX D: SPECTRAL DECOMPOSITION
OF THE LINDBLAD MASTER EQUATION

We shortly recall the spectral decomposition of the mas-
ter equation, see, e.g., Ref. [104]. For a generic Lindblad
superoperator L governing the dynamics of a density opera-
tor ρ̂, the CPTP (completely positive trace preserving) map
� connecting the evolution ρ̂(t ) with the initial state ρ̂(0),
ρ̂(t ) = �[ρ̂(0)], can be written as �[ρ̂(0)] = exp(Lt )ρ̂(0).
This can be cast in the form

ρ̂(t ) =
∑

λ

cλeλt �̂λ, (D1)

where λ are the complex eigenvalues of L such that L�̂λ =
λ�̂λ, with �̂λ right eigenstate, while cλ = Tr{�̌†

λρ̂(0)} is the
projection onto the left eigenstate �̌λ. The latter fulfill the
eigenvalue equation �̌λL = λ�̌λ and satisfy the orthonormal-
ity condition Tr{�̌†

λ′ �̂λ} = δλ′,λ. The spectral decomposition of
Eq. (D1) assumes completeness, which is often satisfied but
not a priori warranted.

Note that, in the limit of vanishing hopping amplitude J =
0, one can compute analytically the eigenstates and eigenval-
ues of the full Lindbladian Lcav of the extended Bose-Hubbard
model of Eq. (63), as the local densities are conserved quanti-
ties [57,125].
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[17] U. Delić, M. Reisenbauer, D. Grass, N. Kiesel, V. Vuletić, and
M. Aspelmeyer, Cavity cooling of a levitated nanosphere by
coherent scattering, Phys. Rev. Lett. 122, 123602 (2019).
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[102] P. Sierant, K. Biedroń, G. Morigi, and J. Zakrzewski, Many-
body localization in presence of cavity mediated long-range
interactions, SciPost Phys. 7, 008 (2019).

[103] T. Chanda, R. Kraus, J. Zakrzewski, and G. Morigi, Bond or-
der via cavity-mediated interactions, Phys. Rev. B 106, 075137
(2022).

[104] B.-G. Englert and G. Morigi, Five lectures on dissipative mas-
ter equations, in Coherent Evolution in Noisy Environments
(Springer, Berlin, 2002), pp. 55–106.

[105] Note that for very strong interactions, also diabatic corrections
will fail to describe the relaxation into the correct stationary
state. This is due to the fact that the basic assumptions of the
atom-only master equation are violated since, for extremely
strong interactions, cavity and atomic degrees of freedom
evolve on the same timescale.

[106] D. A. Lidar, Z. Bihary, and K. Whaley, From completely
positive maps to the quantum Markovian semigroup master
equation, Chem. Phys. 268, 35 (2001).

[107] C. Majenz, T. Albash, H.-P. Breuer, and D. A. Lidar, Coarse
graining can beat the rotating-wave approximation in quantum
Markovian master equations, Phys. Rev. A 88, 012103 (2013).

[108] F. Nathan and M. S. Rudner, Universal Lindblad equation for
open quantum systems, Phys. Rev. B 102, 115109 (2020).

[109] N. Defenu, T. Donner, T. Macrì, G. Pagano, S. Ruffo, and A.
Trombettoni, Long-range interacting quantum systems, Rev.
Mod. Phys. 95, 035002 (2023).

[110] A. Campa, T. Dauxois, and S. Ruffo, Statistical mechanics
and dynamics of solvable models with long-range interactions,
Phys. Rep. 480, 57 (2009).

[111] S. Schütz, S. B. Jäger, and G. Morigi, Dissipation-assisted
prethermalization in long-range interacting atomic ensembles,
Phys. Rev. Lett. 117, 083001 (2016).

[112] S. B. Jäger, S. Schütz, and G. Morigi, Mean-field theory of
atomic self-organization in optical cavities, Phys. Rev. A 94,
023807 (2016).

033719-20

https://doi.org/10.1103/PhysRevLett.93.123002
https://doi.org/10.1103/PhysRevA.76.053829
https://doi.org/10.1103/PhysRevA.88.043618
https://doi.org/10.1103/PhysRevLett.114.023601
https://doi.org/10.1126/sciadv.adw0299
https://doi.org/10.1103/PhysRevA.95.032310
https://doi.org/10.1088/1742-5468/aa71d7
https://doi.org/10.1088/1361-6633/ad6585
https://doi.org/10.1103/PhysRevLett.109.053003
https://doi.org/10.1103/PhysRevLett.127.173606
https://doi.org/10.1103/PhysRevLett.134.133602
https://doi.org/10.1103/PhysRevA.20.1521
https://doi.org/10.1103/RevModPhys.58.699
https://doi.org/10.1006/aphy.2001.6152
https://doi.org/10.1103/PhysRevA.92.063808
https://doi.org/10.1209/0295-5075/96/43001
https://doi.org/10.1103/PhysRevLett.84.3787
https://doi.org/10.1103/PhysRevLett.99.073001
https://doi.org/10.1016/j.cpc.2018.02.004
https://doi.org/10.1103/PhysRevA.64.063407
https://doi.org/10.1080/00031305.1970.10477202
https://doi.org/10.1088/1367-2630/11/5/055025
https://doi.org/10.1103/PhysRevLett.95.143001
https://doi.org/10.1103/PhysRevA.94.023844
https://doi.org/10.1103/PhysRevA.100.013611
https://doi.org/10.1103/PhysRevLett.115.230403
https://doi.org/10.21468/SciPostPhys.7.1.008
https://doi.org/10.1103/PhysRevB.106.075137
https://doi.org/10.1016/S0301-0104(01)00330-5
https://doi.org/10.1103/PhysRevA.88.012103
https://doi.org/10.1103/PhysRevB.102.115109
https://doi.org/10.1103/RevModPhys.95.035002
https://doi.org/10.1016/j.physrep.2009.07.001
https://doi.org/10.1103/PhysRevLett.117.083001
https://doi.org/10.1103/PhysRevA.94.023807


MASTER EQUATION FOR A QUANTUM GAS OF … PHYSICAL REVIEW A 113, 033719 (2026)

[113] S. Sharma, S. B. Jäger, R. Kraus, T. Roscilde, and G. Morigi,
Quantum critical behavior of entanglement in lattice bosons
with cavity-mediated long-range interactions, Phys. Rev. Lett.
129, 143001 (2022).

[114] M. Ludwig and F. Marquardt, Quantum many-body dynam-
ics in optomechanical arrays, Phys. Rev. Lett. 111, 073603
(2013).

[115] F. Bemani, R. Roknizadeh, A. Motazedifard, M. H. Naderi,
and D. Vitali, Quantum correlations in optomechanical crys-
tals, Phys. Rev. A 99, 063814 (2019).

[116] H. Ren, T. Shah, H. Pfeifer, C. Brendel, V. Peano, F.
Marquardt, and O. Painter, Topological phonon transport in
an optomechanical system, Nat. Commun. 13, 3476 (2022).

[117] J. Restrepo, C. Ciuti, and I. Favero, Single-polariton optome-
chanics, Phys. Rev. Lett. 112, 013601 (2014).

[118] O. Kyriienko, T. C. H. Liew, and I. A. Shelykh, Op-
tomechanics with cavity polaritons: Dissipative coupling and
unconventional bistability, Phys. Rev. Lett. 112, 076402
(2014).

[119] C. Lagoin, C. Morin, K. Baldwin, L. Pfeiffer, and F.
Dubin, Bose-Hubbard simulator with long-range hopping,
arXiv:2410.17162.

[120] T. Schmit, C.-M. Halati, T. Donner, G. Morigi, and S. B. Jäger,
Simulation codes and datasets related to the article “Master
Equation for a Quantum Gas of Polarizable Particles in Cavi-
ties,” Zenodo (2025), 10.5281/zenodo.17078207.

[121] R. F. Snider, Perturbation variation methods for a
quantum Boltzmann equation, J. Math. Phys. 5, 1580
(1964).

[122] T. Grießer, W. Niedenzu, and H. Ritsch, Cooperative
self-organization and sympathetic cooling of a multi-
species gas in a cavity, New J. Phys. 14, 053031
(2012).

[123] D. Jaksch, C. Bruder, J. I. Cirac, C. W. Gardiner, and P. Zoller,
Cold bosonic atoms in optical lattices, Phys. Rev. Lett. 81,
3108 (1998).

[124] P. Kubala, P. Sierant, G. Morigi, and J. Zakrzewski,
Ergodicity breaking with long-range cavity-induced
quasiperiodic interactions, Phys. Rev. B 103, 174208
(2021).

[125] C.-M. Halati, A. Sheikhan, and C. Kollath, Theoretical meth-
ods to treat a single dissipative bosonic mode coupled globally
to an interacting many-body system, Phys. Rev. Res. 2, 043255
(2020).

033719-21

https://doi.org/10.1103/PhysRevLett.129.143001
https://doi.org/10.1103/PhysRevLett.111.073603
https://doi.org/10.1103/PhysRevA.99.063814
https://doi.org/10.1038/s41467-022-30941-0
https://doi.org/10.1103/PhysRevLett.112.013601
https://doi.org/10.1103/PhysRevLett.112.076402
https://arxiv.org/abs/2410.17162
https://doi.org/10.5281/zenodo.17078207
https://doi.org/10.1063/1.1931191
https://doi.org/10.1088/1367-2630/14/5/053031
https://doi.org/10.1103/PhysRevLett.81.3108
https://doi.org/10.1103/PhysRevB.103.174208
https://doi.org/10.1103/PhysRevResearch.2.043255

